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OVERVIEW 
In this unit students will:

· Deepen their understanding of various multiplication patterns.

· Solve problems using properties and patterns of basic multiplication facts.

· Develop strategies for multiplying a 2- or 3-digit number by a 1-digit number mentally.

· Develop a paper-and-pencil multiplication algorithm (2- or 3-digit number multiplied by a 1- or 2-digit number).

· Become fluent in carrying out simple division problems (those that can be solved by using the basic multiplication facts).

· Understand some patterns and relationships of the operation, e.g., when you divide both the dividend and the divisor by the same number, the quotient remains unchanged.

· Estimate and mentally calculate using various patterns and relationships of division.

· Develop and use paper-and-pencil algorithms for division.
· Solve problems involving multiplication and division.
Combining multiplication and division within lessons is very important to allow students to understand the relationship between the two operations. Students need guidance and multiple experiences to develop an understanding that groups of things can be a single entity while at the same time contain a given number of objects. These experiences are especially useful in contextual situations such as the tasks in this unit.
Although the units in this instructional framework emphasize key standards and big ideas at specific times of the year, routine topics such as estimation, mental computation, and basic computation facts should be addressed throughout the year. Ideas related to the five process standards, problem solving, reasoning, connections, communication, and representation, should be addressed continually as well. The first unit should establish these routines, allowing students to gradually enhance their understanding of the concept of number and to develop computational proficiency.

To assure that this unit is taught with the appropriate emphasis, depth, and rigor, it is important that the competencies listed under “Evidence of Learning” be reviewed early in the planning process. A variety of resources should be utilized to supplement, but not completely replace, the textbook. Textbooks not only provide much needed content information, but excellent learning activities as well. The tasks in these units illustrate the types of learning activities that should be utilized from a variety of sources.

STANDARDS ADDRESSED IN THIS UNIT
Mathematical standards are interwoven and should be addressed throughout the year in as many different units and activities as possible in order to emphasize the natural connections that exist among mathematical topics.

KEY STANDARDS 

M4N3. Students will solve problems involving multiplication of 2-3 digit numbers by 1 or 2 digit numbers.

M4N4. Students will further develop their understanding of division of whole numbers and divide in problem solving situations without calculators.

a. Know the division facts with understanding and fluency.

b. Solve problems involving division by 1 or 2-digit numbers (including those that generate a remainder).
c. Understand the relationship between dividend, divisor, quotient, and remainder.
d. Understand and explain the effect on the quotient of multiplying or dividing both the divisor and dividend by the same number. (2050 ÷ 50 yields the same answer as 205 ÷ 5).

M4N7. Students will explain and use properties of the four arithmetic operations to solve and check problems.

a. Describe situations in which the four operations may be used and the relationships among them.

b. Compute using the order of operations, including parentheses.

c. Compute using the commutative, associative, and distributive properties.

d. Use mental math and estimation strategies to compute.

RELATED STANDARDS

M4A1. Students will represent and interpret mathematical relationships in quantitative expressions.
a. Understand and apply patterns and rules to describe relationships and solve problems.

M4P1. Students will solve problems (using appropriate technology).

a. Build new mathematical knowledge through problem solving.

b. Solve problems that arise in mathematics and in other contexts.
c. Apply and adapt a variety of appropriate strategies to solve problems.

d. Monitor and reflect on the process of mathematical problem solving.

M4P2. Students will reason and evaluate mathematical arguments.

a. Recognize reasoning and proof as fundamental aspects of mathematics.

b. Make and investigate mathematical conjectures.

c. Develop and evaluate mathematical arguments and proofs.

d. Select and use various types of reasoning and methods of proof.

M4P3. Students will communicate mathematically.

a. Organize and consolidate their mathematical thinking through communication.

b. Communicate their mathematical thinking coherently and clearly to peers, teachers, and others.
c. Analyze and evaluate the mathematical thinking and strategies of others.
d. Use the language of mathematics to express mathematical ideas precisely.

M4P4. Students will make connections among mathematical ideas and to other disciplines.
a. Recognize and use connections among mathematical ideas. 

b. Understand how mathematical ideas interconnect and build on one another to produce a coherent whole.
c. Recognize and apply mathematics in contexts outside of mathematics.
M4P5. Students will represent mathematics in multiple ways.

a. Create and use representations to organize, record, and communicate mathematical ideas.
b. Select, apply, and translate among mathematical representations to solve problems.
c. Use representations to model and interpret physical, social, and mathematical phenomena.
ENDURING UNDERSTANDINGS
· Multiplication may be used to find the total number of objects when objects are arranged in equal groups.

· One of the factors in multiplication indicates the number of objects in a group and the other factor indicates the number of groups.

· Products may be calculated using invented strategies.
· Unfamiliar multiplication problems may be solved by using known multiplication facts and properties of multiplication and division. For example, 8 x 7 = (8 x 2) + (8 x 5) and 18 x 7 = (10 x 7) + (8 x 7).
· Multiplication may be represented by rectangular arrays/area models.

· There are two common situations where division may be used: fair sharing (given the total amount and the number of equal groups, determine how many/much in each group) and measurement (given the total amount and the amount in a group, determine how many groups of the same size can be created).

· Some division situations will produce a remainder, but the remainder will always be less than the divisor. If the remainder is greater than the divisor, that means at least one more can be given to each group (fair sharing) or at least one more group of the given size (the dividend) may be created.

· How the remainder is explained depends on the problem situation.

· The dividend, divisor, quotient, and remainder are related in the following manner: dividend = divisor x quotient + remainder.
· The quotient remains unchanged when both the dividend and the divisor are multiplied or divided by the same number. 
· The properties of multiplication and division help us solve computation problems easily and provide reasoning for choices we make in problem solving.
ESSENTIAL QUESTIONS
· Why is it important to follow an order of operations?

· How can I use cues to remind myself of the order of steps to take in a multi-step expression?

· How can I effectively explain my mathematical thinking and reasoning to others?

· What real life situations require the use of multiplication?

· How can I use the situation in a story problem to determine the best operation to use?

· What patterns do I notice when I am multiplying two-digit numbers that can help me multiply more efficiently?

· How can estimating help us when solving multiplication problems?

· What strategies can we use to efficiently solve multiplication problems?

· How is multiplication helpful in solving problems?

· How can various models help us multiply large numbers?

· Will it matter if I use different factors than my neighbor if I am multiplying with partial products?

· Am I using the most efficient representation for multiplying large numbers?

· What patterns do I notice when I am multiplying two-digit numbers that can help me multiply more efficiently? 
· How will diagrams help us determine and show the products of two-digit numbers?

· How can what I know about partial products help me generalize rules for multiplying larger numbers?

· What are the advantages and disadvantages of using manipulatives, diagrams, and charts to record data during problem-solving?
· Why is it important to note the remainder in a division problem?

· When will a remainder signal us to change my final solution to a division problem?

· How will we know when we can ignore a remainder?

· How are multiplication and division related to each other?

· What are some simple methods for solving multiplication and division problems?

· What patterns of multiplication and division can assist us in problem solving? 
· How can estimating help us when solving multiplication problems?

· What strategies can we use to efficiently solve multiplication problems?

· What real life situations require division?

· How can we model division using base ten blocks?

· Can we develop a way to solve division problems with larger numbers efficiently and reliably?

· How are remainders and divisors related?

· What is the meaning of a remainder in a division problem? 
· How do we use a remainder after dividing? 

· How can we use our understanding of multiplication to assist us with the process of division?

· How is multiplication related to division and other operations?

· What methods can we use to make both multiplication and division easier?
· How can we find evidence to support our conclusions?

· What happens in division when there are zeroes in both the divisor and the dividend?

· How can we efficiently record our thinking when dividing?

· What strategies can we use to divide efficiently?

· What strategies can we use to efficiently solve division problems?

· Which multiplication algorithms work best for me?

· What is the difference between the various algorithms?

· What strategies can we use to divide efficiently?

· What strategies can we use to efficiently solve division problems?

· How can division be represented using a common algorithm?

· How do multiplication, division, and estimation help us solve real world problems?
· How can we organize our work when solving a multi-step word problem?
· How can a remainder affect the answer in a division problem?
CONCEPTS/SKILLS TO MAINTAIN

It is expected that students will have prior knowledge/experience related to the concepts and skills identified below. It may be necessary to pre-assess in order to determine if time needs to be spent on conceptual activities that help students develop a deeper understanding of these ideas. Students should begin this unit:
· With a conceptual understanding of multiplication

· Understanding when and how multiplication may be used to represent phenomena

· Utilize the properties and patterns of multiplication (including the commutative, associative, and identity properties)

· With strategies for multiplication using it properties. For example, 3 x 6 is 6 doubled and one more set of 6; 7 x 4 = (2 x 4) + (5 x 4)
· Fluent in multiplication facts from 1 x 1 to 10 x 10

· Accurately multiplying single digit numbers

· Estimating (or mentally calculating) the multiplication of a 2-digit number by a 1-digit number

· Understanding two different meanings of division: partition (or fair-sharing) and measurement (or repeated subtraction)
SELECTED TERMS AND SYMBOLS
The following terms and symbols are often misunderstood. These concepts are not an inclusive list and should not be taught in isolation. However, due to evidence of frequent difficulty and misunderstanding associated with these concepts, instructors should pay particular attention to them and how their students are able to explain and apply them.
The definitions below are for teacher reference only and are not to be memorized by the students. Teachers should present these concepts to students with models and real life examples. Students should understand the concepts involved and be able to recognize and/or demonstrate them with words, models, pictures, or numbers. 
· Algorithm: A written procedure to carry out computation, such as long division procedure. 

· Dividend: A number that is divided by another number.
Example: dividend ÷ divisor = quotient
· Divisor: 
(1) In a fair sharing division problem, the divisor is the number of equal groups. In a measurement (repeated subtraction) division problem, the divisor indicates the size of each group.

(2) A number by which another number is to be divided.
Example: dividend ÷ divisor = quotient
· Measurement Division (or repeated subtraction): Given the total amount (dividend) and the amount in a group (divisor), determine how many groups of the same size can be created (quotient).

· Multiplicand: The number in a multiplication equation that represents the number of objects in each (equal-sized) group.

· Multiplier: The number in a multiplication equation that represents the number of (equal-sized) groups.

· Partition Division (or fair-sharing): Given the total amount (dividend) and the number of equal groups (divisor), determine how many/much in each group (quotient).

· Product: A number that is the result of multiplication.
· Properties: The rules and patterns of arithmetic that can be relied upon for problem solving.

· Quotient: The result of a division problem.

Example: dividend ÷ divisor = quotient
· Remainder: The part of the dividend that is left after all possible equal sized groups are created.
CLASSSROOM ROUTINES

The importance of continuing the established classroom routines cannot be overstated. Daily routines must include such obvious activities as estimating, analyzing data, describing patterns, and answering daily questions. They should also include less obvious routines, such as how to select materials, how to use materials in a productive manner, how to put materials away, and how to access classroom technology such as computers and calculators. An additional routine is to allow plenty of time for children to explore new materials before attempting any directed activity with these new materials. The regular use of these routines is important to the development of students' number sense, flexibility, and fluency, which will support students' performances on the tasks in this unit. 

STRATEGIES FOR TEACHING AND LEARNING

Important note: Nearly each task in this unit contains a generic context (i.e. buying items at the school store, rides at an amusement park, hanging posters, etc.). It is important for teachers to place similar problems in a context that would be engaging and interesting for their particular students. 

· Students should be actively engaged by developing their own understanding.

· Mathematics should be represented in as many ways as possible by using graphs, tables, pictures, symbols, and words.

· Appropriate manipulatives and technology should be used to enhance student learning.

· Students should be given opportunities to revise their work based on teacher feedback, peer feedback, and metacognition which includes self-assessment and reflection.

· Students need to write in mathematics class to explain their thinking, talk about how they perceive topics, and justify their work to others.
EVIDENCE OF LEARNING 

By the conclusion of this unit, students should be able to demonstrate the following competencies:

· Mentally multiply a 2-digit number by a 1-digit number.
· Estimate the products of a 2- or 3-digit number multiplied by a 1- or 2-digit number.
· Represent multiplication and division using a rectangular area model.
· Understand that multiplication may be used in problem contexts involving equal groups, rectangular arrays/area models, or rate.
· Multiply a 2- or 3-digit number by a 1- or 2-digit number using a written algorithm.
· Understand the relationship among the dividend, the divisor, the quotient, and the remainder.
· Understand that the quotient remains constant when the dividend and the divisor are multiplied or divided by the same number.
· Solve division problems using a written algorithm.

PERFORMANCE TASKS
	Task Name
	Task Type/Grouping Strategy
	Content Addressed

	Trick Answers
	Performance Task

Partner/Individual Task
	Order of Operations

	Are These All 214 x 32?
	Performance Task

Partner/Individual Task
	Conceptual Understanding of Multiplication Problem Types

	School Store
	Learning Task

Partner/Individual Task
	Using Properties of Multiplication to Multiply 2-digit numbers

	Multiplication Three in a Row
	Performance Task

Small Group/Partner Task
	Multiplying 1- by 2-Digit;

Estimation

	Wall of Posters
	Learning Task

Small Group/Partner Task
	Multiplying 2- by 2-Digit using 

Partial Products

	At the Circus
	Performance Task Partner/Individual Task
	Multiplying 2- by 2-Digit using 

Partial Products

	Amusement Park Reading Reward
	Learning Task

Partner/Individual Task
	Multiplying 2- by 2-Digit using 

Partial Products

	Brain Only!
	Learning Task

Small Group/Partner Task
	Patterns in 

Multiplication and Division

	How Are These Alike?
	Learning Task

Small Group/Partner Task
	Patterns in 

Multiplication and Division

	What is 2500 ÷ 300?
	Performance Task Partner/Individual Task
	Division with Zeroes; 

Understanding Remainders

	And the Question Is?
	Performance Task Partner/Individual Task
	Interpreting Remainders

	Division Three in a Row
	Performance Task

Small Group/Partner Task
	Dividing 2- by 1-Digit; 

Estimation

	Division Means Sharing
	Learning Task

Small Group Task
	Fair Sharing Division, 

Using Base Ten Blocks

	Fourth Grade Finds Out How Many
	Learning Task

Small Group/Partner Task
	Division Word Problems, 

Using Base Ten Blocks

	Packs of Bubble Gum
	Learning Task

Small Group/Partner Task
	Division Using Partial Quotients and Area Model

	Play Ball!
	Learning Task

Small Group/Partner Task
	Relationships between Common Division Algorithms

	Riding the Roller Coaster
	Learning Task

Partner/Individual Task
	Relationships between Common Division Algorithms 

	Culminating Activity:

School Newspaper
	Performance Task Partner/Individual Task
	Using Multiplication, Division, and Rounding


 The following tasks represent the level of depth, rigor, and complexity expected of all fourth grade students. These tasks or a task of similar depth and rigor should be used to demonstrate evidence of learning. It is important that all elements of a task be addressed throughout the learning process so that students understand what is expected of them. While some tasks are identified as a performance task, they also may be used for teaching and learning (learning task).
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PERFORMANCE TASK: Trick Answers
STANDARDS ADDRESSED 
M4N7. Students will explain and use properties of the four arithmetic operations to solve and check problems.

a. Describe situations in which the four operations may be used and the relationships among them.

b. Compute using the order of operations, including parentheses.

c. Compute using the commutative, associative, and distributive properties.

d. Use mental math and estimation strategies to compute.

M4P1. Students will solve problems (using appropriate technology).

a. Solve problems that arise in mathematics and in other contexts.
M4P2. Students will reason and evaluate mathematical arguments.

a. Recognize reasoning and proof as fundamental aspects of mathematics.

b. Make and investigate mathematical conjectures.

M4P3. Students will communicate mathematically.

a. Organize and consolidate their mathematical thinking through communication.

b. Communicate their mathematical thinking coherently and clearly to peers, teachers, and others.
c. Analyze and evaluate the mathematical thinking and strategies of others.
d. Use the language of mathematics to express mathematical ideas precisely.

M4P5. Students will represent mathematics in multiple ways.

a. Create and use representations to organize, record, and communicate mathematical ideas.
ESSENTIAL QUESTIONS
· Why is it important to follow an order of operations?

· [image: image6.wmf]How can I use cues to remind myself of the order of steps to take in a multi-step expression?

· How can I effectively explain my mathematical thinking and reasoning to others?

MATERIALS
“Trick Answers” recording sheet 

GROUPING 
Partner or Individual Task
TASK DESCRIPTION, DEVELOPMENT, AND DISCUSSION 
In this task, students analyze a mock work sample to demonstrate and explain their understanding of the order of operations.

Comments
Students should have an understanding of the order of operations through several problem solving experiences before being given this task. Teachers can adjust this task based upon the level of independence of their students with order of operations. For example, parenthesis can be added to or removed from any of the problems. Also, it is possible to do this task multiple times in order to introduce new order of operations concepts.

Task Directions
Students will follow the directions below from the “Trick Answers” recording sheet.

You and your best friend, Sasha, sat down after school at your house to work on your math homework. You both agreed to work out the problems and check each other’s work for mistakes. Here is Sasha’s homework paper. She didn’t show her work, but she did list her answers to each problem. Check her work for her and explain to her how you know her answers are correct or incorrect.
Questions/Prompts for Formative Student Assessment
· What will you do to try to figure out if the answer given is correct?

· How will you demonstrate that it is correct?

· How will you convince Sasha when you think her answer is incorrect?

Questions for Teacher Reflection
· Are my students able to explain their math reasoning clearly to both their peers and teachers? 
· What strategies are students using to analyze the given problems?
· What cues are students using to recognize the correct order of operations?
· What misconceptions exist and how can they be addressed? 
DIFFERENTIATION
Extension

· To explore the complexities of order of operations, have students create and solve their own numerical expressions and defend their solutions in writing.

· Give students a number and ask them to create complex expressions equivalent to the number. Encourage students to continually expand the expression as shown below:

17

10 + 7

(2 x 5) + 7

[2 x (30  6)] + 7

[2 x (15 x 2  6)] + 7

Intervention
· Help students who lack background knowledge in understanding these concepts by limiting the number of operations and introducing them one at a time. 
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Teach students to group operations using the parentheses, even when they are not included in the original problem. For example, if they see this problem: 
6 + 5 x 10 – 4 ÷ 2 
They can rewrite it like this: 
6 + (5 x 10) – (4 ÷ 2) 
In this way, the parentheses guide their work. 
· Using a Hop Scotch board like the one shown on the right is one way to help students remember the order of operations. Remembering the rules of Hop Scotch, one lands with both feet on squares 3 & 4 and 6 & 7. This is used as a reminder to students that multiplication and division computed in the order in which they appear in the problem, left to right. The same is true for addition and subtraction, which is also performed in the order of appearance, left to right.

· Teaching a mnemonic like Please Meet Dear Aunt Sally (which they can later easily transform to Please Excuse My Dear Aunt Sally when they learn exponents) may be helpful for students who lack strength in short term memory or organization.
TECHNOLOGY CONNECTION 
http://www.learningwave.com/lwonline/numbers/ordofops.html Provides students with additional instruction, concept development, and practice with order of operations.
Name _________________________________________ Date __________________________
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You and your best friend, Sasha, sat down after school at your house to work on your math homework. You both agreed to work out the problems and check each other’s work for mistakes. Here is Sasha’s homework paper. She didn’t show her work, but she did list her answers to each problem. Check her work for her and explain to her how you know her answers are correct or incorrect.

PERFORMANCE TASK: Are These All 214 x 32?
[image: image10.wmf]
STANDARDS ADDRESSED
M4N3. Students will solve problems involving multiplication of 2-3 digit numbers by 1 or 2 digit numbers.
M4A1. Students will represent and interpret mathematical relationships in quantitative expressions.
a. Understand and apply patterns and rules to describe relationships and solve problems.

M4P1. Students will solve problems (using appropriate technology).

a. Build new mathematical knowledge through problem solving.

b. Solve problems that arise in mathematics and in other contexts.
c. Apply and adapt a variety of appropriate strategies to solve problems.

d. Monitor and reflect on the process of mathematical problem solving.

M4P2. Students will reason and evaluate mathematical arguments. 
a. Make and investigate mathematical conjectures. 

M4P3. Students will communicate mathematically.

a. Organize and consolidate their mathematical thinking through communication.

b. Communicate their mathematical thinking coherently and clearly to peers, teachers, and others.
c. Analyze and evaluate the mathematical thinking and strategies of others.
d. Use the language of mathematics to express mathematical ideas precisely.

M4P4. Students will make connections among mathematical ideas and to other disciplines.
a. Recognize and use connections among mathematical ideas. 

b. Understand how mathematical ideas interconnect and build on one another to produce a coherent whole.
c. Recognize and apply mathematics in contexts outside of mathematics.
M4P5. Students will represent mathematics in multiple ways. 
a. Create and use representations to organize, record, and communicate mathematical ideas. 

ESSENTIAL QUESTIONS
· What real life situations require the use of multiplication?

· How can I use the situation in a story problem to determine the best operation to use?

· How can I effectively explain my mathematical thinking and reasoning to others?
MATERIALS
[image: image11.wmf]
“Are These All 214 x 32?” recording sheet 

GROUPING
Partner or Individual Task
TASK DESCRIPTION, DEVELOPMENT, AND DISCUSSION 
In this task, students analyze story problems that demonstrate three different multiplication situations.

Comments
The three problems in this task represent situations where multiplication can be used to solve different kinds of problems. 
In Problem A (multiplication as a measure of area), the product is the area of the rectangular field and the two factors are the dimensions of the rectangle. Problem A is solved by multiplication because the area of a rectangle is determined by the total number of square units necessary to cover the rectangle. When we measure the length of a rectangle, we determine the number of square units that will fit along that dimension. Then when we measure the width, we determine the number of rows of square units to fill the rectangle. 
Problem B uses multiplication to determine rate. The total distance Lisa walked will equal 32 sets of 214 feet. 
In Problem C, multiplication is used as an inverse operation of division. Students should realize that multiplication and division are related. In other words, when the divisor and quotient are multiplied together, the product is the dividend. This is an excellent method of checking computation.
Notice that students were not asked to actually solve any of these situations. The teacher may have students solve them either pictorially or using student invented strategies. Regardless, students should be required to explain their thinking.
Background Knowledge

Since students are first introduced to multiplication in Grade 2, they have looked at multiplication as the operation used to determine the total number of items in equal sized groups. They learned that one of the factors in a multiplication sentence is the multiplicand, the number of items in a group, while the other factor is the multiplier, the number of groups. As discussed in the “Comments” section above, there are other situations where multiplication may be used to solve a problem. Teachers may want to discuss these examples before students are given this task.
The first two problems in this task provide useful interpretations of multiplication when the multiplier becomes a decimal number or fraction. Situations involving a decimal multiplier will be introduced in Unit 5 within the Grade 4 framework. Although modeling a fraction multiplier will not be introduced until Grade 5, this task lays the groundwork for expanding the meaning of multiplication. 
Problem C is not a representation of 214 x 32. Instead this problem would require students to find the sum of the sides to determine the perimeter of the garden. 

Problem D asks students to identify multiplication as the inverse operation of division and to use multiplication to check a division problem.

Task Directions
Students will follow the directions below from the “Are These All 214 x 32?” recording sheet.
You have been learning about many situations that can be solved with multiplication. Even though the following problems all use the same numbers, think about whether each describes a different type of multiplication problem. After each problem explain why 214 x 32 can or cannot be used to solve the problem. 

Problem A 
Teresa’s home garden is shaped in a rectangle. It is 214 feet long and 32 feet wide. What is the area of Mr. Sims’ garden?
Problem B 
Lisa can walk 214 feet in one minute. If she walked at this speed for 32 minutes, how far did Lisa walk? 

Problem C
Quiana’s home garden is shaped in a rectangle. It is 214 feet long and 32 feet wide. If Quiana wanted to place a fence around her garden, how many feet of fencing would she need?

Problem D Zachary divided a number by 32 and got an answer of 214. Explain how he can be sure his answer is correct?

On the back of this paper, write 3 of your own problems that can be solved using 123 x 57.
Questions/Prompts for Formative Student Assessment
· Does 214 x 32 apply to this situation? How do you know?

· Describe another situation that could be solved by multiplying 214 by 32? 

· How are the three situations similar? How are they different?
· Can you draw a picture that illustrates the situation?

· Can you think of a different situation where you would use multiplication to find area? To find distance? As an inverse operation?
Questions for Teacher Reflection
· Are my students increasing their ability to explain their thinking?
· Are my students flexibly using different representations (words, pictures, numbers, models, symbols)? Are some being used more than others? Is there one or more I need to model for my students? 
· Are students able to work independently on this task? 
· How well do my students understand different situations that require multiplication?
DIFFERENTIATION
Extension

· Students should be challenged to write problem situations that require a variety of operations and then solve them. Next, students can trade problems with a partner and discuss their solutions.
Intervention
· Carefully screen the vocabulary to make sure that it is suitable for your students. 

· Working in cooperative learning groups will support the student who is an English language learner or for whom this task is challenging.
TECHNOLOGY CONNECTION 
http://www.syvum.com/math/wordproblems/level1.html A resource for teachers to find additional word problems 
Name _________________________________________ Date __________________________
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Are These All 214 x 32?
You have been learning about many situations that can be solved with multiplication. Even though the following problems all use the same numbers, think about whether each describes a different type of multiplication problem. After each problem explain why 214 x 32 can or cannot be used to solve the problem. 

Problem A 
Teresa’s home garden is shaped in a rectangle. It is 214 feet long and 32 feet wide. What is the area of Mr. Sims’ garden?
Problem B 
Lisa can walk 214 feet in one minute. If she walked at this speed for 32 minutes, how far did Lisa walk? 

Problem C
Quiana’s home garden is shaped in a rectangle. It is 214 feet long and 32 feet wide. If Quiana wanted to place a fence around her garden, how many feet of fencing would she need?

Problem D Zachary divided a number by 32 and got an answer of 214. Explain how he can be sure his answer is correct?

On the back of this paper, write 3 of your own problems that can be solved using 123 x 57.
LEARNING TASK: School Store
[image: image13.wmf]
STANDARDS ADDRESSED
M4N3. Students will solve problems involving multiplication of 2-3 digit numbers by 1 or 2 digit numbers.

M4N7. Students will explain and use properties of the four arithmetic operations to solve and check problems.

d. Use mental math and estimation strategies to compute.

M4A1. Students will represent and interpret mathematical relationships in quantitative expressions.
a. Understand and apply patterns and rules to describe relationships and solve problems.

M4P1. Students will solve problems (using appropriate technology).

a. Build new mathematical knowledge through problem solving.

b. Solve problems that arise in mathematics and in other contexts.
c. Apply and adapt a variety of appropriate strategies to solve problems.

d. Monitor and reflect on the process of mathematical problem solving.
M4P3. Students will communicate mathematically.

a. Organize and consolidate their mathematical thinking through communication.

M4P4. Students will make connections among mathematical ideas and to other disciplines.
a. Recognize and use connections among mathematical ideas. 

b. Understand how mathematical ideas interconnect and build on one another to produce a coherent whole.
c. Recognize and apply mathematics in contexts outside of mathematics.
M4P5. Students will represent mathematics in multiple ways.

a. Create and use representations to organize, record, and communicate mathematical ideas.
b. Select, apply, and translate among mathematical representations to solve problems.
c. Use representations to model and interpret physical, social, and mathematical phenomena.
ESSENTIAL QUESTIONS
· How can I effectively explain my mathematical thinking and reasoning to others?

· What patterns do I notice when I am multiplying two-digit numbers that can help me multiply more efficiently?

· What real life situations require the use of multiplication?

· How can I use the situation in a story problem to determine the best operation to use?

MATERIALS
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“School Store” recording sheet
GROUPING
Partner or Individual Task
TASK DESCRIPTION, DEVELOPMENT, AND DISCUSSION 
Students explore their understanding of multiplication and how it applies to 2-digit numbers.

Comments
This is an opportunity for students to use what they know about multiplication to find the product of two, two-digit numbers. This task should be completed before students have any experiences with the standard algorithm for multiplying two digit numbers. 
There should be no instruction on how to multiply two-digit numbers before giving students this problem. Typical ways that students may solve this type of problem are provided in the Background Knowledge section below.

As students work on this problem, talk with the students about their thinking and how they know their answers are correct. Also, it is important for students to share their thinking with their classmates

Background Knowledge
According to Jae Meen Baek (2005), typical ways that students may solve a problem such as 23 x 14 include:
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1. Doubling – This student chose one factor and use repeated addition. However, instead of writing 23, 14 times, the student kept doubling the sums until they were close the multiplier. The student recorded the number of groups in the sum in the right hand column. In this case, the student doubled 23 (giving her 46), then she doubled 46 (giving her 92), and finally doubled 92 (giving her 184). At this point she knew the product of 23 x 8 = 184. By doubling 184, she has a total of 16, 23s or 322.

3. Non-Decade Partitioning – Here a student chose to find the sum of 5, 23s which is 115. Then he added 115, 3 times giving him 15 groups of 23, which is one group of 23 too many. Finally, he subtracted 23 from the 15 groups of 23 (which is 345) leaving him with 14 groups of 23 (which is 322). 
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In this situation, the student could have also added 115 twice giving him 10 groups of 23. Then he would need to add four more groups of 23, or found the sum of 4 groups of 23 (which is 92) and added it with the 10 groups of 23 (which would be shown by 115 + 115). His final sum would have been 115 + 115 + 92 = 322
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Decade Partitioning – A student would solve this problem in a manner similar to the one above, except she would add 10, 23s, finding the sum of 230. She would then find the sum of 4, 23s (which is 92). The final product would be found by adding 10 groups of 23 (which is 230) with 4 groups of 23 (which is 92) for a total of 14 groups of 23 (which is 322).
3. [image: image18.png]Groupsof23 | 1| 10| 5| ¢ | 14
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Decade Partitioning – A student could also find the product of 23 x 10 by using his knowledge of multiplying by ten. If a student recalls multiplication patterns from third grade, then he would know that 23 x 10 = 230. He would then need to find the product of 23 x 4 which could be found by halving 230 (which is 115) and subtracting one more group of 23 (115 – 23 = 92) or by adding 4, 23s.
4. Compensation – Students who use compensation are able to synthesize much of what they know about operations. In the example below, a student uses what she knows about multiplying by ten to find 23 x 10. She then takes half of the product to find 23 x 5 (which is 115). Subtracting one group of 23 from the 5 groups of 23 (which is 115 – 23) gives her 92. Adding 230 + 92 gives the student 14 groups of 23 which is 322.
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There are many approaches students may take for each of these problems. Teachers should encourage creativity and accept a response as long as it is explained clearly with understanding and is mathematically correct.
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Below is one possible solution for each of the problems on the “School Store” recording sheet
1. Jeni sells 25 pencils each day at the school store. How many pencils will she sell after 14 days?
One method could be to think of the problem as (25 x 10) + (25 x 4) = 250 + 100 = 350. Therefore, Jeni would sell 350 pencils after 14 days.

2. Marquis runs the school store. He noticed they sold around 21 pens every day. If he wants to order as few pens as possible to get through 3 weeks of school, how many pens should he order? 
Watch for students who multiply by 3 or 21 instead of 15 and have them talk through their reasoning. Having students determine by which number they should multiply is an important part of the problem solving process.
One possible method a student could use is demonstrated below:

10 x 
15 = 
150

10 x 
15 = 
150


  1 x 
15 = 
15

10 groups of 15 + 10 groups of 15 + 1 group of 15 = 21 groups of 15

150 + 150 + 15 = 315

Marquis needs to order 315 pencils to get through 3 weeks of school.

3. There are 647 students at Eagle Creek Elementary School. Sixty-eight students shopped at the Eagle’s Nest school store each day. How many students shopped at the school store after 45 days?
One possible method a student could use is to round 68 to 70.


70
 x
 40
 =
 2800



70
x
   5
 =
 350

3150
 -
90
 =
 3060

 

The student must remember to subtract two 45s (45 + 45 = 90) to have the correct solution for 68 x 45. After 45 days, 3,060 students shopped at the school store.

Task Directions
Students will follow the directions below from the “School Store” recording sheet. 
Use what you know about multiplication to solve the following problems.

1. Jeni sells 25 pencils each day at the school store. How many pencils will she sell after 14 days?
2. Marquis runs the school store. He noticed they sold around 21 pens every day. If he wants to order as few pens as possible to get through 3 weeks of school, how many pens should he order? 
3. There are 647 students at Eagle Creek Elementary School. Sixty-eight students shopped at the Eagle’s Nest school store each day. How many students shopped at the school store after 45 days?
Questions/Prompts for Formative Student Assessment
· How are you thinking about this problem?
· How do you know your answer is correct?

· What strategies are you using to solve this problem?

· What properties of multiplication have you used to solve this problem?
Questions for Teacher Reflection
· Which methods are students using most and least?
· How well are my students explaining their math reasoning?
· Are my students making estimates, checking their work, working methodically, and eliminating careless errors?
DIFFERENTIATION
Extension
· Have students show as many different representations as they can and develop additional strategies as needed. 

· Have students practice each of the strategies with numbers in the hundreds and thousands. Numbers larger than this can usually be handled with the use of the calculator, which should also be introduced once students have mastered the basic algorithm.
Intervention 
· Keep a wide variety of resources available for students who need differentiation, re-teaching, reinforcement, or extension. The topic of multiplying large numbers is one that often requires significant effort on the part of both learner and teacher. 
TECHNOLOGY CONNECTION 

http://www.mathcats.com/grownupcats/ideabankmultiplication.html Additional ideas for approaching multiplication instruction

Name__________________________________________ Date__________________________
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School Store 

Use what you know about multiplication to solve the following problems.
1. Jeni sells 25 pencils each day at the school store. How many pencils will she sell after 14 days?
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2. Marquis runs the school store. He noticed they sold around 21 pens every day. If he wants to order as few pens as possible to get through 3 weeks of school, how many pens should he order? 
[image: image23.wmf]
3. There are 647 students at Eagle Creek Elementary School. Sixty-eight students shopped at the Eagle’s Nest school store each day. How many students shopped at the school store after 45 days?
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PERFORMANCE TASK: Multiplication Three in a Row
STANDARDS ADDRESSED
M4N3. Students will solve problems involving multiplication of 2-3 digit numbers by 1 or 2 digit numbers.

M4N7. Students will explain and use properties of the four arithmetic operations to solve and check problems.

d. Use mental math and estimation strategies to compute.

M4P1. Students will solve problems (using appropriate technology).

c. Apply and adapt a variety of appropriate strategies to solve problems.

d. Monitor and reflect on the process of mathematical problem solving.

M4P2. Students will reason and evaluate mathematical arguments.

d. Select and use various types of reasoning and methods of proof.

M4P3. Students will communicate mathematically.

a. Organize and consolidate their mathematical thinking through communication.

b. Communicate their mathematical thinking coherently and clearly to peers, teachers, and others.
d. Use the language of mathematics to express mathematical ideas precisely.

M4P4. Students will make connections among mathematical ideas and to other disciplines.
a. Recognize and use connections among mathematical ideas. 

b. Understand how mathematical ideas interconnect and build on one another to produce a coherent whole.
c. Recognize and apply mathematics in contexts outside of mathematics.
M4P5. Students will represent mathematics in multiple ways.

a. Create and use representations to organize, record, and communicate mathematical ideas.
ESSENTIAL QUESTIONS
· How can estimating help us when solving multiplication problems?

· What strategies can we use to efficiently solve multiplication problems?

MATERIALS
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· Color Counters

· “Three in a Row” game board (printed on card stock and/or laminated for durability)

· Calculators

GROUPING
Small Group or Partner Task
TASK DESCRIPTION, DEVELOPMENT, AND DISCUSSION 
In this task, students practice multiplying 2-digit by 1-digit numbers in a game format.

Comments

Being able to estimate and mentally multiply a 2-digit number by a 1-digit number is an important pre-requisite skill for dividing a whole number by a 2-digit number. Helping students develop their mental computation or estimation abilities in general is also an important focus of Grade 4 GPS. As students play this game, encourage students to try mental computation and explain strategies. It is important to remind them that they can use the calculator only after they announce their products. Remember that we want students to use estimation skills and mental math strategies to multiply a 2-digit number by a 1-digit number. 

Background Knowledge 

This game can be made available for students to play independently. However, it is important for students to share some of the strategies they develop as they play more. Strategies may include:

· estimating by rounding the numbers in Box A

· multiplying tens first, then ones; for example, 47 x 7 = (40 x 7) + (7 x 7) = 280 + 49 = 329

Be sure students know and understand the appropriate vocabulary used in this task. Provide index cards or sentence strips with key vocabulary words (i.e. factor, product). Have students place the cards next to the playing area to encourage the usage of correct vocabulary while playing the game. 
KEY TO THREE IN A ROW GAME
	79x2 or 2x79

158
	91x7 or 7x91

637
	23x8 or 8x23

184
	47x3 or 3x47

141
	91x8 or 8x91

728
	18x5 or 5x18

90

	18x8 or 8x18

144
	23x3 or 3x23

69
	47x7 or 7x47

329
	35x5 or 5x35

175
	23x2 or 2x23

46
	18x9 or 9x18

162

	91x9 or 9x91

819
	79x5 or 5x79

395
	18x2 or 2x18 36
	23x7 or 7x23

161
	79x3 or 3x79

237
	35x8 or 8x35

280

	79x7 or 7x79

553
	47x2 or 2x47

94
	47x9 or 9x47

423
	35x9 or 9x35

315
	23x5 or 5x23

115
	91x3 or 3x91

273

	18x3 or 3x18

54
	79x9 or 9x79

711
	47x5 or 5x47

235
	79x8 or 8x79

632
	18x7 or 7x18

126
	35x2 or 2x35

70

	91x5 or 5x91

455
	47x8 or 8x47

376
	35x3 or 3x35

105
	91x2 or 2x91

182
	23x9 or 9x23

207
	35x7 or 7x35

245


Task Directions
Students will follow the directions below from the “Three in a Row” game board.

This is a game for two or three players. You will need color counters (a different color for each player), game board, pencil, paper, and a calculator.

Step 1: 
Prior to your turn, choose one number from Box A and one number from Box B. Multiply these numbers on your scratch paper. Be prepared with your answer when your turn comes.

Step 2: 
On your turn, announce your numbers and the product of your numbers. Explain your strategy for finding the answer. 

Step 3:
Another player will check your answer with a calculator after you have announced your product. If your answer is correct, place your counter on the appropriate space on the board. If the answer is incorrect, you may not place your counter on the board and your turn ends. 

Step 4:
Your goal is to be the first one to make “three-in-a-row,” horizontally, vertically, or diagonally.
Questions/Prompts for Formative Student Assessment

· Who is winning the game? How do you know? What do you think their strategy is?

· Is there any way to predict which factors would be best to use without having to multiply them all?

· How are you using estimation to help determine which factors to use?

· How many moves do you think the shortest game of this type would be if no other player blocked your move?
Questions for Teacher Reflection
· How confident and competent are my students with multiplication?
· Are students using any strategies for mental computation?
· What other concepts do I need to develop before moving to division?
· What type of practice can I provide my students with so they can maintain their skills?
DIFFERENTIATION

Extension

· A variation of the game above is to require each player to place a paper clip on the numbers they use to multiply. The next player may move only one paper clip either the one in Box A or the one in Box B. This limits the products that can be found and adds a layer of strategy to the game.

· Another variation is for students to play “Six in a Row” where students need to make six products in a row horizontally, vertically, or diagonally in order to win.

· Eventually, you will want to challenge your students with game boards that contain simple 3-digit numbers (e.g. numbers ending with a 0 or numbers like 301) in Box A or multiples of 10 (i.e., 10, 20, … 90) in Box B. As their competency develops, you can expect them to be able to do any 3-digit by 2-digit multiplication problem you choose.

Intervention

· Allow students time to view the game boards and work out two or three of the problems ahead of time to check their readiness for this activity.

· Use benchmark numbers in Box A, such as 25, 50, 100, etc.
Name ___________________________________________ Date ________________________
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Three in a Row Game Board

 This is a game for two or three players. You will need color counters (a different color for each player), game board, pencil, paper, and a calculator.

Step 1:
Prior to your turn, choose one number from Box A and one number from Box B. Multiply these numbers on your scratch paper. Be prepared with your answer when your turn comes.

Step 2: 
On your turn, announce your numbers and the product of your numbers. Explain your strategy for finding the answer. 

Step 3:
Another player will check your answer with a calculator after you have announced your product. If your answer is correct, place your counter on the appropriate space on the board. If the answer is incorrect, you may not place your counter on the board and your turn ends. 

Step 4:
Your goal is to be the first one to make “three-in-a-row,” horizontally, vertically, or diagonally.
	Box A
	Box B

	18        23        35        47        79        91
	2         3         5         7         8        9


	158
	637
	184
	141
	728
	90

	144
	69
	329
	175
	46
	162

	819
	395
	36
	161
	237
	280

	553
	94
	423
	315
	115
	273

	54
	711
	235
	632
	126
	70

	455
	376
	105
	182
	207
	245
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LEARNING TASK: Wall of Posters
STANDARDS ADDRESSED
M4N3. Students will solve problems involving multiplication of 2-3 digit numbers by 1 or 2 digit numbers.
M4N7. Students will explain and use properties of the four arithmetic operations to solve and check problems.

d. Use mental math and estimation strategies to compute.

M4A1. Students will represent and interpret mathematical relationships in quantitative expressions.
a. Understand and apply patterns and rules to describe relationships and solve problems.

M4P1. Students will solve problems (using appropriate technology).

a. Build new mathematical knowledge through problem solving.

b. Solve problems that arise in mathematics and in other contexts.
c. Apply and adapt a variety of appropriate strategies to solve problems.

d. Monitor and reflect on the process of mathematical problem solving.

M4P2. Students will reason and evaluate mathematical arguments.

b. Make and investigate mathematical conjectures.

d. Select and use various types of reasoning and methods of proof.

M4P3. Students will communicate mathematically.

a. Organize and consolidate their mathematical thinking through communication.

b. Communicate their mathematical thinking coherently and clearly to peers, teachers, and others.
d. Use the language of mathematics to express mathematical ideas precisely.
M4P4. Students will make connections among mathematical ideas and to other disciplines.
a. Recognize and use connections among mathematical ideas. 

b. Understand how mathematical ideas interconnect and build on one another to produce a coherent whole.
c. Recognize and apply mathematics in contexts outside of mathematics.
M4P5. Students will represent mathematics in multiple ways.

a. Create and use representations to organize, record, and communicate mathematical ideas.
b. Select, apply, and translate among mathematical representations to solve problems.
c. Use representations to model and interpret physical, social, and mathematical phenomena.

ESSENTIAL QUESTIONS
[image: image29.wmf]
· How is multiplication helpful in solving problems?

· How can various models help us multiply large numbers?

· [image: image30.wmf]Will it matter if I use different factors than my neighbor if I am multiplying with partial products?

· Am I using the most efficient representation for multiplying large numbers?

· What patterns do I notice when I am multiplying two-digit numbers that can help me multiply more efficiently?

MATERIALS
· Base-ten blocks

· Centimeter grid paper

· Crayons, markers and/or colored pencils

· “Wall of Posters” recording sheet

GROUPING
Partner or Small Group Task
TASK DESCRIPTION, DEVELOPMENT AND DISCUSSION 
In this task, students use the area model and partial products to solve multiplication word problems.
Part 1

Students model 18 x 10 using base ten blocks.

Comments
In Grade 3, students used a rectangular array to model multiplication of 2- and 3-digit numbers by 1-digit numbers. Students also studied the area of rectangles and squares in Grade 3. Finally, students worked with multiplication patterns in third grade and should be able to identify that 18 x 10 = 180 based on multiplication patterns with 10. In this activity, using all of these ideas, students will extend their understanding of multiplication by using base ten blocks to create a rectangle that models the product of two 2-digit numbers. 
Before attempting this task, students should already understand the concept of how to use base-ten blocks in problem solving and how to record base ten blocks on centimeter grid paper.

Background Information

An example of an arrangement is shown.
[image: image31.wmf]
Task Directions

Students are asked to draw a rectangle whose dimensions are 10cm  x 18 cm on centimeter grid paper. Then, using base ten blocks students are asked to cover their rectangle using the fewest blocks possible.
Once students have covered the rectangle with base-ten blocks, using as few blocks as possible, ask them to share their arrangements and note that only one flat and 8 rods were needed. As students share their work, they may discover that having all rods together instead of having them on both sides of a flat could be considered a more organized arrangement and perhaps easier to count.
Students should be able to see that the number of centimeter grid squares that are covered by the base-ten blocks represents 18 x 10 = 180. It is important that students develop the habit of writing the solutions to problems in complete sentences. This will assure that they understand what is being asked and will help them to determine if their results are reasonable.

Part Two
Students explore methods to solve a multiplication word problem.
Comments
Students should have had plenty of practice using base-ten blocks to do partial product multiplication problems. When constructing arrays with 2-digit by 2-digit dimensions, students should be able to describe smaller arrays inside the larger array, especially those that are obvious with the configuration of the base-ten blocks. 
Background Knowledge
An example of the base-ten blocks arrangement for this problem is shown below. 
[image: image32.wmf]
When students are asked to solve the problems two different ways, they should determine two different ways to calculate the total area with partial products.  You may want to model an example and record the partial product expressions.
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One way to determine the number of posters is to describe the hidden arrays inside the 12 x 14 array. For example, looking horizontally across the top of the model is a 10 x 14 array. Below that is a 2 x 14 array. When combined, the total is 140 (10 x 14) and 28 (2 x 14) for a total of 168 posters needed to cover the wall.

Another way is to look vertically and see a 10 x 12 array and then a 4 x 12 array. When combined, the total is 120 (12 x 10) and 48 (12 x 4) for a total of 168.

Task Directions

Students will follow the directions below from the “Wall of Posters” recording sheet.

1. You are covering the wall of your room with small posters. You need 14 posters going across the wall and 12 posters going down the wall. How many posters do you need? Solve this problem use an array model and partial products. Find the product by calculating the total area in two different ways. Use words, pictures, and numbers to explain your thinking. 
2. Create your own multiplication story and question using two-digit numbers. 
3. Solve your problem using an array model and partial products. Use words, pictures and numbers to explain your thinking.

Questions/Prompts for Formative Student Assessment
· How have you set up your centimeter paper to help you solve this problem?

· How do you see the factors in a base-ten area model?

· What do the base ten blocks represent in this activity?

· What does the total number of units in an area model represent in a multiplication problem?

· How does the base ten model help you to write a two-digit number in expanded notation before multiplying?
· Can you describe smaller arrays hidden inside the larger array?

· What do the dimensions of the array represent?
Questions for Teacher Reflection
· Can students explain how multiplication is modeled with a rectangular array?
· Can students explain how numbers in a multiplication problem are the factors and what they represent in the context of the problem?
· Which students seem unfamiliar with drawing models or using base-ten blocks?
· Which students’ models vary from the norm? How can I use these models to extend the thinking of all of my students?
· Can students effectively describe partial products in an array model?
· What signs are my students demonstrating that show they are ready to move to more abstract representations of double-digit multiplication?
· Which students seem overly dependent on the base-ten blocks? How do I reduce this dependence?
· Which students seem ready to stop using base-ten blocks altogether? How will I support their transition?
DIFFERENTIATION
Extension
As soon as students seem ready to move away from the concrete representations of base ten blocks to more abstract ones, allow them to do so. Encourage them to find other ways to represent their products and to model these other ways for their peers.
Intervention
· Students build math concepts by progressing from the use of manipulatives to drawing the manipulative (i.e., on centimeter grid paper), then to sketching the manipulatives (i.e., using short line segments for the 10-block, a square for the 100-block and a dot for ones block), and finally, to symbolic representation (words and math symbols). If students have not had enough previous experience with place-value manipulatives, these experiences need to be provided for students or they will have difficulty grasping the deeper concepts this task requires.
· For some students, visual models may be more challenging than other methods. Try moving to partial products and mental math sooner rather than later for these students if they have visual/perceptual issues that prevent them from understanding the area model. An example of partial products for the problem in this task is:
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168
TECHNOLOGY CONNECTION 
· http://www.pblunit10.com/envis4math/envisionmath.html Click on 7 “Multiplying by 2-Digit Numbers” then click on 7.3 “Multiplication: Arrays and an Expanded Algorithm” to find an example of multiplying using an array.

· http://www.arcytech.org/java/b10blocks/b10blocks.html Interactive base-ten blocks

· http://www.etacuisenaire.com/pdf/gridpaper.pdf Printable centimeter grid paper
· http://highered.mcgraw-hill.com/sites/dl/free/0072533072/78543/CentimeterGrid.pdf Printable centimeter grid paper

· http://www.learner.org/courses/learningmath/number/session4/part_b/index.html Detailed information and activities for teachers regarding multiplication and division using base ten blocks.
Name _______________________________________ Date ____________________________
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                              Wall of Posters

1. You are covering the wall of your room with small posters. You need 14 posters going across the wall and 12 posters going down the wall. How many posters do you need? Solve this problem use an array model and partial products. Find the product by calculating the total area in two different ways. Use words, pictures, and numbers to explain your thinking. 

[image: image37.wmf]
2. Create your own multiplication story and question using two-digit numbers. 
_______________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

3. Solve your problem using an array model and partial products. Use words, pictures and numbers to explain your thinking.
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PERFORMANCE TASK: At the Circus
STANDARDS ADDRESSED
M4N3. Students will solve problems involving multiplication of 2-3 digit numbers by 1 or 2 digit numbers.
M4N7. Students will explain and use properties of the four arithmetic operations to solve and check problems.

d. Use mental math and estimation strategies to compute.

M4A1. Students will represent and interpret mathematical relationships in quantitative expressions.
a. Understand and apply patterns and rules to describe relationships and solve problems.

M4P1. Students will solve problems (using appropriate technology).

a. Build new mathematical knowledge through problem solving.

b. Solve problems that arise in mathematics and in other contexts.
M4P2. Students will reason and evaluate mathematical arguments.

a. Recognize reasoning and proof as fundamental aspects of mathematics.

b. Make and investigate mathematical conjectures.

c. Develop and evaluate mathematical arguments and proofs.

d. Select and use various types of reasoning and methods of proof.

M4P3. Students will communicate mathematically.

a. Organize and consolidate their mathematical thinking through communication.

b. Communicate their mathematical thinking coherently and clearly to peers, teachers, and others.
M4P4. Students will make connections among mathematical ideas and to other disciplines.
a. Recognize and use connections among mathematical ideas. 

b. Understand how mathematical ideas interconnect and build on one another to produce a coherent whole.
c. Recognize and apply mathematics in contexts outside of mathematics.
M4P5. Students will represent mathematics in multiple ways.

a. Create and use representations to organize, record, and communicate mathematical ideas.
b. Select, apply, and translate among mathematical representations to solve problems.
ESSENTIAL QUESTIONS
How will diagrams help us determine and show the products of two-digit numbers?

MATERIALS
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· Colored pencils, markers, or crayons

· Centimeter Grid Paper

· “At the Circus” recording sheet
GROUPING
Partner or Individual Task
TASK DESCRIPTION, DEVELOPMENT, AND DISCUSSION 
In this task, students will make diagrams to discover and demonstrate the answers to two-digit multiplication story problems.

Comments
This task provides opportunities for students to work with arrays in real world situations as they work with larger numbers. The recording sheet also asks students to develop a story problem of their own.
The idea of moving beyond building arrays with base-ten blocks to drawing rectangles on paper or grid paper is critical. At this point students must begin to visualize the multiplication process without the blocks. As students begin to work, they may realize that modeling problems such as these can require a large number of base-ten blocks. Ask them to think of ways to do the same problem without having to utilize base-ten blocks. 
Background Knowledge 
Students should understand how to use grid paper and partial products area models to determine multiplication products with numbers larger than 10. Use this task or another one similar to it to help students make the transition from depending on manipulatives for determining products of larger numbers to being able to determine these products through self-made diagrams.
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Based on their understanding of base ten blocks, students should draw a model similar to either of these for the clown and balloons problem:
To get the final answer the students can add the areas: 
100 + 100 + 30 + 40 + 40 + 12 = 322 or 200 + 80 + 30 + 12 = 322. There will be 322 balloons.
Below are two possible solutions for the Jumbo the elephant problem:
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To get the final answer students can add the areas: 
100 + 100 + 100 + 100 + 100 + 100 + 10 + 10 = 620 or 600 + 20 = 620.
Jumbo’s trainer needs to carry 620 peanuts with him.
Below are two possible solutions for dancing bear family problem:
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To get the final answer the students can add the areas: 

100 + 100 + 100 + 50 + 50 + 50 + 40 + 20 = 510 or 300 + 150 + 40 + 20 = 510.
The dancing bear family will receive 510 treats from the trainer during 15 shows.

Task Directions
Students will follow the directions below from the “At the Circus” recording sheet.
Solve the following problems. Show your thinking using words, pictures, and/or numbers.

1. There are 23 clowns at the circus. Each clown is carrying 14 balloons. How many balloons are there altogether?

2. The dancing bear family loves when their trainer gives them little treats to reward them for a good performance. If the trainer gives the dancing bear family 34 treats each show, how many treats will the trainer need for 15 shows?
3. Jumbo the elephant loves peanuts. His trainer gives him 20 peanuts every day. If they are going to be traveling for 31 days, how many peanuts should the trainer take with him?
4. Create your own circus problem and solution to share with the class.
Questions/Prompts for Formative Student Assessment
· How did you decide what size your diagrams should be?

· What are the dimensions of the array? How do you know?

· Describe what each dimension in your array represents.

· What groups are being counted in your word problem? How do you know?

· How many times is each group in your word problem being counted? How do you know?

· How are you using colors to keep your data organized?

· How can colors help you identify the number of groups and the number of times each group is counted?
Questions for Teacher Reflection
· What formative data can I use to monitor the level of concept development in my class? 
· What is the next logical step for instruction in order for my students to continue to progress in their ability to solve these problem types independently?
DIFFERENTIATION
Extension 
Ask students to try to solve a multiplication problem using a different method. (Students could try some of the strategies used to solve the problems on the “School Store” task.) Encourage students to apply another student’s strategy to solve a given problem.
Intervention
All students will not be ready at the same time to discontinue use of the base-ten manipulatives. The teacher will need to be conscientious about monitoring each student’s level of understanding to know when the student will be ready to transition to diagrams without manipulative support. If students experience frustration or uncertainty during this process, the manipulatives should be kept available for use as reinforcement or as a way to check the diagram.
TECHNOLOGY CONNECTION 
· http://ulm.edu/~esmith/nctmregional/blocks.htm Short videos demonstrating multiplication using different strategies – useful for teacher/parent background knowledge
· http://www.arcytech.org/java/b10blocks/b10blocks.html Virtual base 10 blocks for student use
Name ____________________________________________ Date _________________________
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At the Circus
Solve the following problems. Show your thinking using words, pictures and/or numbers.
	1. There are 23 clowns at the circus. Each clown is carrying 14 balloons. How many balloons are there altogether?


	2. The dancing bear family loves when their trainer gives them little treats to reward them for a good performance. If the trainer gives the dancing bear family 34 treats each show, how many treats will the trainer need for 15 shows?



	3. Jumbo the elephant loves peanuts. His trainer gives him 20 peanuts every day. If they are going to be traveling for 31 days, how many peanuts should the trainer take with him?
	4. Create your own circus problem and solution to share with the class.


LEARNING TASK: Amusement Park Reading Reward
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STANDARDS ADDRESSED
M4N3. Students will solve problems involving multiplication of 2-3 digit numbers by 1 or 2 digit numbers.
M4N7. Students will explain and use properties of the four arithmetic operations to solve and check problems. 
d. 
Use mental math and estimation strategies to compute.

M4A1. Students will represent and interpret mathematical relationships in quantitative expressions.
a. Understand and apply patterns and rules to describe relationships and solve problems.

M4P1. Students will solve problems (using appropriate technology).

a. Build new mathematical knowledge through problem solving.

b. Solve problems that arise in mathematics and in other contexts.
c. Apply and adapt a variety of appropriate strategies to solve problems.

M4P3. Students will communicate mathematically.

a. Organize and consolidate their mathematical thinking through communication.

b. Communicate their mathematical thinking coherently and clearly to peers, teachers, and others.
M4P4. Students will make connections among mathematical ideas and to other disciplines.
a. Recognize and use connections among mathematical ideas. 

b. Understand how mathematical ideas interconnect and build on one another to produce a coherent whole.
c. Recognize and apply mathematics in contexts outside of mathematics.
M4P5. Students will represent mathematics in multiple ways.

a. Create and use representations to organize, record, and communicate mathematical ideas.
b. Select, apply, and translate among mathematical representations to solve problems.
c. Use representations to model and interpret physical, social, and mathematical phenomena.
ESSENTIAL QUESTIONS
· How can what I know about partial products help me generalize rules for multiplying larger numbers?

· What are the advantages and disadvantages of using manipulatives, diagrams, and charts to record data during problem-solving?
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MATERIALS
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· “Amusement Park Reading Reward” recording sheet
· Grid paper and color pencils/markers/crayons, if desired

GROUPING
Partner or Individual Task
TASK DESCRIPTION, DEVELOPMENT, AND DISCUSSION 
Students extend their understanding of multiplication to two- and three-digit factors.
Part I
Background Knowledge



In the previous task, students have studied how to represent multiplication of two 2-digit numbers using an array model. In this task, they will move beyond drawings to begin using numerals only to represent multiplication of two 2-digit numbers. This task should be used only after students are comfortable modeling the multiplication of two two-digit numbers by drawing arrays. 
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Partial products can be multiplied in any order. Students tend to multiply the largest values first, as is shown in the multiplication problems below. However, keep in mind that students get the same results regardless of the order in which partial products are found.
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        67                      60 + 7

    
x  83                 
 x  80 + 3


4800
4800

560
560

180
180

    21
    21  


5561
5561

Task Directions
Students will follow the directions below from the “Amusement Park Reading Reward, Part I” recording sheet.

There are 83 schools that have decided to send all 4th grade students who meet their reading goals to Six Flags Over Georgia. If 67 students from each school meet the goal, how many students will be going to Six Flags? Make a partial products diagram on grid paper and then show your work in the charts below.
*The teacher may elect to replace Six Flags Over Georgia with a local fun entertainment location. 
Part Two
Comment
All students will need to understand multiplication of 2-digit by 3–digit numbers by the end of fourth grade. However, students will be ready at various times to move to Part Two of this task.
Background Knowledge
Once the students are comfortable using the chart with multiplication of a 2-digit number by a 2-digit number, they should be able to transition easily to multiplication of a 3-digit number by a 2-digit number. An example would be 123 x 45:

	
	100
	20
	3

	40
	A
	
	

	5
	B
	
	


Students should be able to complete the table using strategies similar to those used for 2-digit multiplication. However, some may need questioning from a teacher to help them determine what to do for sections A and B. Some students may notice that A should be 4,000 because it is equal to 40 x 100, or 40 groups of 100. For those students who struggle with A, it may be helpful to ask them a series of questions.
What is?

4 x 10 =
40 x 10 = 
4 x 100 =
40 x 100 =

Through this series of questions, students should see that A is 4,000. 
Task Directions

Students will follow the directions below from the “Amusement Park Reading Reward, Part Two” recording sheet.

There are 67 schools that have decided to send all 4th grade students who meet their reading goals to Six Flags Over Georgia. If 219 students from each school meet the goal, how many students will be going to Six Flags? Use the partial products table below to help you solve this problem.
Questions/Prompts for Formative Student Assessment
· What patterns do you see that you think could help you understand what to do with a three-digit number in a multiplication problem?

· Which part of this process is still confusing for you? 
· Are there any steps that are so easy for you to do that you can do them in your head now?
Questions for Teacher Reflection
· Are students developing automaticity with this process?
· Which students are still exhibiting confusion, frustration, or careless errors with this process? What plan can be developed to address those needs?
· How ready is my class for a whole group lesson modeling the use of this strategy with larger numbers?
· Are students moving away from needing base ten blocks and grid paper, and moving more towards the use of a chart to solve problems?
DIFFERENTIATION
Extension
Encourage students to try some strategies discussed for 2-digit number multiplication with 2-digit by 3-digit multiplication. (Students could try some of the strategies used to solve the problems on the “School Store” task.) Ask students to explain if it was necessary to change the strategy in any way in order to multiply a larger number. If so, what changes were needed?
Intervention
If students have been reticent to give up dependence on the base-ten manipulative blocks, this task provides an excellent time to work with these students to understand the necessity of finding a new strategy to attack double- and triple-digit multiplication. As students begin to work, they may realize that modeling this problem requires a large number of base 10 blocks. Anticipated students’ response: “That’s too large” or “That will take a long time,” “We don’t have enough blocks,” etc. Ask them to find a way to represent the problem without using the blocks. Focus on helping students organize their thinking in a way that makes sense to them and is recorded in an organized manner.
TECHNOLOGY CONNECTION 
· http://nationalstrategies.standards.dcsf.gov.uk/node/47783 Interactive multiplication tool using partial products recorded in a grid. Click on the “Download as Windows executable file (826 KB)” if you use Windows. http://www.echalk.co.uk/Maths/dfes_numeracy/instructions/prima_itpman1_0_multigrid.PDF Directions for using the interactive multiplication tool above.

· http://ulm.edu/~esmith/nctmregional/blocks.htm Short videos demonstrating multiplication using different strategies – useful for teacher/parent background knowledge

· http://www.arcytech.org/java/b10blocks/b10blocks.html Virtual base 10 blocks for student use

Name ________________________________________ Date ________________________
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Amusement Park Reading Reward

Part I
There are 83 schools that have decided to send all 4th grade students who meet their reading goals to Six Flags Over Georgia. If 67 students from each school meet the goal, how many students will be going to Six Flags? Make a partial products diagram on grid paper and then show your work in the charts below.
	
	                           67 equals:

	
	
	____ TENS
	____ ONES


	87 

equals:
	____ TENS
	____ Hundred-Blocks


	____ Ten-Blocks

	
	____ ONES
	____ Ten-Blocks


	____ Unit-Blocks


Record the partial products in the table below.

	
	60
	7

	80
	
	

	3
	
	


Describe how many students are going to Six Flags and how you know that your solution is correct. Use complete sentences.
____________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________
__________________________________________________________________________

Name ________________________________________ Date ___________________________
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Amusement Park Reading Reward

Part Two
There are 67 schools that have decided to send all 4th grade students who meet their reading goals to Six Flags Over Georgia. If 219 students from each school meet the goal, how many students will be going to Six Flags? Use the partial products table below to help you solve this problem.
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LEARNING TASK: Brain Only!
STANDARDS ADDRESSED
M4N4. Students will further develop their understanding of division of whole numbers and divide in problem solving situations without calculators.

a. Know the division facts with understanding and fluency.

b. Solve problems involving division by 1 or 2-digit numbers (including those that generate a remainder).
c. Understand the relationship between dividend, divisor, quotient, and remainder.
d. Understand and explain the effect on the quotient of multiplying or dividing both the divisor and dividend by the same number. (2050 ÷ 50 yields the same answer as 205 ÷ 5).

M4N7. Students will explain and use properties of the four arithmetic operations to solve and check problems.

a. Describe situations in which the four operations may be used and the relationships among them.

d. Use mental math and estimation strategies to compute.

M4A1. Students will represent and interpret mathematical relationships in quantitative expressions.
a. Understand and apply patterns and rules to describe relationships and solve problems.

M4P1. Students will solve problems (using appropriate technology).

a. Build new mathematical knowledge through problem solving.

b. Solve problems that arise in mathematics and in other contexts.
c. Apply and adapt a variety of appropriate strategies to solve problems.
d. Monitor and reflect on the process of mathematical problem solving.

M4P2. Students will reason and evaluate mathematical arguments.

a. Recognize reasoning and proof as fundamental aspects of mathematics.

b. Make and investigate mathematical conjectures.

c. Develop and evaluate mathematical arguments and proofs.

M4P3. Students will communicate mathematically.

a. Organize and consolidate their mathematical thinking through communication.

b. Communicate their mathematical thinking coherently and clearly to peers, teachers, and others.
c. Analyze and evaluate the mathematical thinking and strategies of others.
d. Use the language of mathematics to express mathematical ideas precisely.

M4P4. Students will make connections among mathematical ideas and to other disciplines.
a. Recognize and use connections among mathematical ideas. 

b. Understand how mathematical ideas interconnect and build on one another to produce a coherent whole.
c. Recognize and apply mathematics in contexts outside of mathematics.
M4P5. Students will represent mathematics in multiple ways.

a. Create and use representations to organize, record, and communicate mathematical ideas.
b. Select, apply, and translate among mathematical representations to solve problems. 

ESSENTIAL QUESTIONS
· How are multiplication and division related to each other?

· What are some simple methods for solving multiplication and division problems?

· What patterns of multiplication and division can assist us in problem solving? 
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MATERIALS
“Brain Only!” recording sheet

GROUPING
Small Group or Partner Task
TASK DESCRIPTION, DEVELOPMENT, AND DISCUSSION 
In this task, students analyze multiplication and division expressions to find patterns that will enable them to solve problems more quickly.

Comments

It is critical for students to understand the relationship that exists between multiplication and division as well as the strong relationship between the dividend, divisor, and quotient. This task is designed to allow students to further explore these relationships. 
Background Knowledge 

Some students may need to use manipulatives and other strategies to model their thinking until they begin to “see” the patterns and understand what is happening. The teacher should not point these relationships out for the students. Instead, they should guide the thinking of the students through questions and allow students to discuss their thinking with peers; the teacher should act as a facilitator.
240 ÷ 16 = _____
Because 240 ÷ 8 = 30, the number 8 was multiplied by 2 to change the problem to 240 ÷ 16. This means that there are twice as many groups, so each group will contain half as many items. Therefore, the answer is 15. 


24 ÷ 16 = _____ 
Using the previous problem, 240 ÷ 16 = 15, and the same type of thinking, students should see that the number of items, 240, was divided by 10 giving a new dividend of 24. Since the divisor is the same, the quotient must also be divided by 10. The answer is 1.5.

120 ÷ _____ = 15
Students may approach this one using different thinking from any of the previous problems. One approach is to use 240 ÷ 16 =15 from the first problem. They may think that the 240 dividend (number of items) was divided by 2, so the 16 divisor (number of groups) must also be divided by 2 in order for each group to still have 15 items. So 120 must be divided by 8 to have a quotient of 15. Note that they could also have used 240 ÷ 8 = 30. Encourage students to look for additional reasoning and methods of approaching these problems.
15 x 8 = _____
Most students will probably use the previous results 120 ÷ 8 = 15 to solve this. Because multiplication is the inverse of division, the product must be 120. Multiple strategies should be promoted and discussed.
120 ÷ 4 = _____
One approach is to recognize that if there are half as many groups, the number in each group must be doubled. Therefore, if 120 ÷ 8 = 15, then 120 ÷ 4 = 30. Once again, students should try to find as many different, mathematically sound approaches to this as possible using any of the above problems to justify their reasoning.
30 x 16 = _____
Students may use the inverse relationship between multiplication and division. If 240 ÷ 16 = 15, then in order to get 30 in each group, the dividend must be double 240 which is 480. Therefore, 30 x 16 = 480. Multiple strategies should be promoted and discussed.
120 ÷ _____ = 30
Students found that 120 ÷ 8 = 15 above. Students may recognize that in order to double the quotient, there would need to be half as many groups; the divisor would need to be half of 8. Therefore, 120 ÷ 4 = 30. Multiple strategies should be promoted and discussed.
Task Directions
Students will follow the directions below from the “Brain Only!” recording sheet.
It’s true! You can really use one problem to solve related problems just by using your brain!

Use this problem to answer the following problems with your brain.

240 ÷ 8 = 30
1. Be able to explain the relationship of each problem to the one above.

240 ÷ 16 = _____

24 ÷ 16 = _____

120 ÷ _____ = 15

15 x 8 = _____

120 ÷ 4 = _____

30 x 16 = _____

120 ÷ _____ = 30
2. Make up at least 5 more problems that are related to these.

3. Swap with your partner and see if you can use only your brain to solve their related problems.

4. Be able to explain the relationship of each of your partner’s problems, too.

Questions/Prompts for Formative Student Assessment

· What patterns do you notice in the sets of numbers?

· How is each multiplication or division expression related to the others?

· What shortcuts do you think you can learn from analyzing these expressions?

· Can you think of other related multiplication or division problems?
Questions for Teacher Reflection
· Are all students offering possible explanations or ideas and are they receiving appropriate feedback from their peers or from me to help correct misconceptions or extend their thinking?
· Which students still need concrete representations because they have not yet developed an ability to think abstractly about these concepts? What type of concrete representations am I encouraging these students to use?
· Do students’ original problems demonstrate their ability to recognize patterns and relationships in and between multiplication and division?
DIFFERENTIATION
Extension
Ask students if they think these ideas extend to larger numbers. Encourage them to use four and five digit numbers in the problems they create for the final step. Have them explain their thinking when choosing the numbers they did and provide evidence that the pattern continues even when the numbers become much larger.
Intervention
The times table chart is an excellent visual cueing device that can be used to help students discover patterns in multiplication and division. Do not neglect to use this excellent teaching tool frequently for students who have not developed the ability to see connections and relationships between numbers easily.
TECHNOLOGY CONNECTION 

http://s22318.tsbvi.edu/mathproject/ch5-sec5.asp Focuses on teaching mental math strategies to students who are visually impaired. Contains a variety of ideas all teachers can use to assist their students in developing sound number sense and an ability to think more deeply about multiplication and division.

Name ________________________________________ Date ___________________________
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Brain Only!  

It’s true! You can really use one problem to solve related problems just by using your brain!

Use this problem to answer the following ones with your brain.

240 ÷ 8 = 30

5. Be able to explain the relationship of each problem to the one above.
240 ÷ 16 = _____

24 ÷ 16 = _____

120 ÷ _____ = 15

15 x 8 = _____

120 ÷ 4 = _____

30 x 16 = _____
120 ÷ _____ = 30
6. Make up at least 5 more problems that are related to these.
______________________  ______________________  ______________________
______________________  ______________________  ______________________
7. Swap with your partner and see if you can use only your brain to solve their related problems.
8. Be able to explain the relationship of each of your partner’s problems, too.

LEARNING TASK: How Are These Alike?
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STANDARDS ADDRESSED
M4N4. Students will further develop their understanding of division of whole numbers and divide in problem solving situations without calculators.

a. Know the division facts with understanding and fluency.

b. Solve problems involving division by 1 or 2-digit numbers (including those that generate a remainder).
c. Understand the relationship between dividend, divisor, quotient, and remainder.
d. Understand and explain the effect on the quotient of multiplying or dividing both the divisor and dividend by the same number. (2050 ÷ 50 yields the same answer as 205 ÷ 5).

M4N7. Students will explain and use properties of the four arithmetic operations to solve and check problems.

d. Use mental math and estimation strategies to compute.

M4A1. Students will represent and interpret mathematical relationships in quantitative expressions.
a. Understand and apply patterns and rules to describe relationships and solve problems.

M4P1. Students will solve problems (using appropriate technology).

a. Build new mathematical knowledge through problem solving.

b. Solve problems that arise in mathematics and in other contexts.
c. Apply and adapt a variety of appropriate strategies to solve problems.
d. Monitor and reflect on the process of mathematical problem solving.

M4P2. Students will reason and evaluate mathematical arguments.

a. Recognize reasoning and proof as fundamental aspects of mathematics.

b. Make and investigate mathematical conjectures.

c. Develop and evaluate mathematical arguments and proofs.

d. Select and use various types of reasoning and methods of proof.

M4P3. Students will communicate mathematically.

a. Organize and consolidate their mathematical thinking through communication.

b. Communicate their mathematical thinking coherently and clearly to peers, teachers, and others.
c. Analyze and evaluate the mathematical thinking and strategies of others.
d. Use the language of mathematics to express mathematical ideas precisely.

M4P4. Students will make connections among mathematical ideas and to other disciplines.
a. Recognize and use connections among mathematical ideas. 

b. Understand how mathematical ideas interconnect and build on one another to produce a coherent whole.
c. Recognize and apply mathematics in contexts outside of mathematics.
M4P5. Students will represent mathematics in multiple ways.

a. Create and use representations to organize, record, and communicate mathematical ideas.
b. Select, apply, and translate among mathematical representations to solve problems. 

ESSENTIAL QUESTIONS
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· How can we use our understanding of multiplication to assist us with the process of division?

· How is multiplication related to division and other operations?

· What methods can we use to make both multiplication and division easier?
MATERIALS
· “How Are These Alike?” recording sheet

· Base-ten materials, if needed

· Calculator (optional)

GROUPING
Small Group or Partner Task
TASK DESCRIPTION, DEVELOPMENT, AND DISCUSSION 
In this task, students analyze patterns in given multiplication and division statements to determine patterns in them.

Comments

Calculators may be used with this task to help students quickly check their thinking. When looking for patterns is the focus of the lesson, a calculator is a valuable tool because it can facilitate the process. Keep in mind the focus of this lesson is not finding the product or quotient; it is how the number sentences are related.
Background Knowledge 

One of the “rules” of division is when both the divisor and the dividend end with 0s, we can simply eliminate the same number of 0’s from both to simplify the problem. Unfortunately, students often learn this rule without understanding why it works or a much more general, thus more powerful, rule of division. This rule is probably more easily understood if we consider measurement division. Measurement division is how many groups of the size specified by the divisor can be made with the dividend. 
Problem 1: Explain how each of the problems below is related to 24 ÷ 3:

a. 2400 ÷ 300

b. 240 ÷ 30

c. 120 ÷ 15

d. 48 ÷ 6
Problem (a) asks how many groups of 300 we can make with 2400. When we look at these numbers using 100 as a unit, the question is how many groups of 3 hundreds can we make with 24 hundreds? If we can imagine base-ten blocks, the question is asking how many groups of 3 flats may be made with 24 flats. Obviously this problem is equivalent to 24 ÷ 3. 

In the same manner, if you look at the numbers in (b) using ten as a unit, the problem is equivalent to 24 ÷ 3 (how many groups of 3 tens can we make with 24 tens?). For (c) and (d) we do the same, except the units we use are not a power of 10. For (c) we use the unit of 5 (how many groups of 3 fives can we make with 24 fives?), and for (d) we use the unit of two (how many groups of 3 twos can we make with 24 twos?).

In each situation, we can answer the given division problems by multiplying both the dividend and the divisor of 24 ÷ 3 by the units we use, or we can divide the dividends and the divisors of the given problems by the unit to obtain 24 ÷ 3. In general, a useful rule of division is when you multiply (or divide) both the dividend and the divisor by the same number, the quotient remains the same. 
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Understanding the relationship of multiplication and division helps students understand why when one factor increases, the other factor decreases inversely. To ensure students understand this idea, it may be beneficial to use numbers that are smaller and more familiar. 
One idea that allows students to see this relationship is the use of a triangle model. For example, the triangle below shows 20 ÷ 4 = 5, 4 x 5 = 20, 5 x4 = 20, and 20 ÷ 5 = 4.
Consider the relationships in the following number sentences: 

Example 1:
20 ÷ 4 = 5 is related to 5 x 4 = 20

Example 2:
20 ÷ 2 =10 is related to 10 x 2 = 20
In example 2, the 5 from example 1 was multiplied by 2 and the 4 was divided by 2. Question students to allow them to see the pattern and explain why this happens. Although some reasons are stated below, other valid reasons could be used by comparing the results of the questions with each other.
Problem 2:  60 x 15 = 900
a. 6 x 150 = 900 because (60 ÷ 10) x (15 x 10)

b. 300 x 3 = 900 because (60 x 5) x (15 ÷ 5)

c. 20 x 45 = 900 because (60 ÷ 3) x (15 x 3)

d. 75 x 12 = 900 because (15 x 5) x (60 ÷ 5)
Task Directions
Students will follow the directions below from the “How Are These Alike?” recording sheet.

Explain how each group of problems below are related using words, pictures, and/or numbers.
1. Explain how each of the problems below are related to 24 ÷ 3:

a. 2400 ÷ 300

b. 240 ÷ 30

c. 120 ÷ 15

d. 48 ÷ 6
2. Explain how each of the problems below are related to 60 x 15:

a. 6 x 150
b. 300 x 3

c. 20 x 45
d. 75 x 12

3. Record 3 more division expressions related to 24 ÷ 3 and explain how they are related. 

4. Record 3 more multiplication expressions related to 60 x 15 and explain how they are related.
Questions/Prompts for Formative Student Assessment

· What patterns can you see in the pairs of numbers that can help you answer the task question?

· What effect do the zeroes seem to have when both numbers in the set have a zero? 

· Is there a pattern to using zeroes in multiplication and division? If so, can you explain it?
Questions for Teacher Reflection
· Do students have a clear understanding of the ways multiplication and division are related to each other and can they explain this understanding adequately?
· Are students’ original expressions (Number 3) logical and aligned with the reasoning implied in the task?
· Are students continuing to use multiple representations (both visual and oral) to explain their reasoning?
DIFFERENTIATION
This task is an excellent opportunity to use the cooperative learning model called “Jigsaw.” In this model the task is broken down into pieces and each piece of the task is given to a different cooperative learning team. In Number 1, the most challenging question may be (c) and in Number 2, the most challenging question may be (d). Assigning these two questions to a cooperative group that is composed of students with strong math reasoning and communication skills, while assigning the less mathematically challenging problems (such as (d) in Number 1 and (a) in Number 2) to a cooperative group composed of students who may struggle more with reasoning and/or communication skills may be an effective way to approach this task. All student groups, regardless of ability levels, will need to be prepared to explain their reasoning to the class.

TECHNOLOGY CONNECTION 

http://tre.ngfl.gov.uk/uploads/materials/15716/Multiplication%20is%20the%20inverse%20of%20division.doc An activity that demonstrates the inverse nature of multiplication and division based on the following input-output machine: http://www.crickweb.co.uk/assets/resources/flash.php?&file=fmach 
Name ________________________________________ Date ___________________________
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How Are These Alike? 

Explain how each group of problems below are related using words, pictures, and/or numbers.
1. Explain how each of the problems below are related to 24 ÷ 3:
a. 2400 ÷ 300
b. 240 ÷ 30
c. 120 ÷ 15
d. 48 ÷ 6
2. Explain how each of the problems below are related to 60 x 15:
a. 6 x 150
b. 300 x 3
c. 20 x 45
d. 75 x 12

3. Record 3 more division expressions related to 24 ÷ 3 and explain how they are related. 

___________________

___________________

___________________

4. Record 3 more multiplication expressions related to 60 x 15 and explain how they are related.
___________________

___________________

___________________

PERFORMANCE TASK: What is 2,500 ÷ 300?
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STANDARDS ADDRESSED
M4N4. Students will further develop their understanding of division of whole numbers and divide in problem solving situations without calculators.

a. Know the division facts with understanding and fluency.

b. Solve problems involving division by 1 or 2-digit numbers (including those that generate a remainder).
c. Understand the relationship between dividend, divisor, quotient, and remainder.
d. Understand and explain the effect on the quotient of multiplying or dividing both the divisor and dividend by the same number. (2050 ÷ 50 yields the same answer as 205 ÷ 5).

M4N7. Students will explain and use properties of the four arithmetic operations to solve and check problems.

d. Use mental math and estimation strategies to compute.

M4A1. Students will represent and interpret mathematical relationships in quantitative expressions.
a. Understand and apply patterns and rules to describe relationships and solve problems.

M4P1. Students will solve problems (using appropriate technology).

a. Build new mathematical knowledge through problem solving.

b. Solve problems that arise in mathematics and in other contexts.
c. Apply and adapt a variety of appropriate strategies to solve problems.
d. Monitor and reflect on the process of mathematical problem solving.

M4P2. Students will reason and evaluate mathematical arguments.

a. Recognize reasoning and proof as fundamental aspects of mathematics.

b. Make and investigate mathematical conjectures.

c. Develop and evaluate mathematical arguments and proofs.

d. Select and use various types of reasoning and methods of proof.

M4P3. Students will communicate mathematically.

a. Organize and consolidate their mathematical thinking through communication.

b. Communicate their mathematical thinking coherently and clearly to peers, teachers, and others.
c. Analyze and evaluate the mathematical thinking and strategies of others.
d. Use the language of mathematics to express mathematical ideas precisely.

M4P4. Students will make connections among mathematical ideas and to other disciplines.
a. Recognize and use connections among mathematical ideas. 

b. Understand how mathematical ideas interconnect and build on one another to produce a coherent whole.
c. Recognize and apply mathematics in contexts outside of mathematics.
[image: image63.wmf]ESSENTIAL QUESTIONS
· How can we find evidence to support our conclusions?

· What happens in division when there are zeroes in both the divisor and the dividend?

· How are remainders and divisors related?

· What is the meaning of a remainder in a division problem?

MATERIALS
 “What is 2,500 ÷ 300?” recording sheet

GROUPING
Partner or Individual Task
TASK DESCRIPTION, DEVELOPMENT, AND DISCUSSION 
Part 1

Students explore why dividing by zero is undefined.

Task Directions
Start this task with a whole group discussion regarding division and zero. Remind students about the relationship between multiplication and division and the product when one of the factors is zero. Then pose the following problem.


What happens when you divide by zero?


Use multiplication to justify your answer. 


Were you surprised by your findings?  Why or why not?
Regardless what approach the students elect to take with this task, when justifying using multiplication, they should notice that something strange happens.

For instance, if they choose to divide using a dividend of 12, they may discover something similar to the following:

12 ÷ 12 = 1            12 = 12 x 1

12 ÷ 6 = 2              12 = 6 x 2 

12 ÷ 4 = 3              12 = 4 x 3 

12 ÷ 3 = 4              12 = 3 x 4 

12 ÷ 2 = 6              12 = 2 x 6 

12 ÷ 1 = 12            12 = 1 x 12

12 ÷ 0 = ?              12 = 0 x ?
If students choose to use a fact family they will have similar results.

If 
2 x 4 = 8, 
then
8 ÷ 4 = 2

If
4 x 2 = 8,
then
8 ÷ 2 = 4

Following the same pattern:

If
0 x 8 = 0, 
then
0  ÷ 8 = 0

If
8 x 0 = 0,
but
0 ÷ 0 ( 8
After students have had time to explore division with zero and share their findings explain that because any number multiplied by zero is zero, the last situation in both examples is impossible. Therefore, division by zero is not possible and we call it “undefined”.

Some students may have noticed that occasionally when using a computer or calculator, they are given an error message.  Frequently that is caused by situations such as dividing by zero. Now that they understand why this may happen, they may enjoy playing with a computer or calculator to verify this message.

History also has interesting situations that have occurred due to division by zero.  The USS Yorktown had a divide by zero error on September 21, 1997.  This caused the ship’s propulsion system to fail.  
Part II
Students determine whether or not a child’s work is mathematically sound and give evidence for their conclusions.

Comments

This is written as a performance task because it pulls together the ideas of related problems and the meaning of remainder. However, it can easily be used as a learning task. Students could be asked to work in small groups to discuss and answer this question. Then student groups could discuss this problem in a class discussion. 

Background Knowledge 

When students simply memorize the rule to simplify division involving the numbers ending with zeroes by eliminating the same number of 0s from both numbers, they often produce an incorrect answer as shown in this problem. They do not realize that 2,500 ÷ 300 and 25 ÷ 3 are equivalent expressions. When we solve 2,500 ÷ 300, we can think about using hundreds as a unit. Thus, when we use 25 ÷ 3 to solve 2,500 ÷ 300, we are indeed asking, “How many groups of 3 hundreds can we make with 25 hundreds?” Thus, the remainder must also be interpreted with the unit of the dividend and the divisor; that is, there is 1 hundred leftover. The remainder for 2500 ÷ 300 must be 100. 

Task Directions
Students will follow the directions below from the “What is 2,500 ÷ 300?” recording sheet.
Steven says the answer to 2500 ÷ 300 is 8, with a remainder of 1. He said, “My reason is because you can just cross out two 0s in both numbers to make it 25 ÷ 3. The answer to 25 ÷ 3 is 8, with a remainder of 1.” Is he correct? Why or why not? 

Questions/Prompts for Formative Student Assessment

· What is the value of the one left over? How do you know?

· What is the number expression you are solving?

· Is it helpful to cancel out zeroes if you have them in both the dividend and divisor? Why or why not?

· What effect does a set of zeroes in the divisor and dividend have on the quotient? On the remainder?

Questions for Teacher Reflection
· Are students able to explain why a remainder of 1 is not reasonable?
· Are students using their understanding of the effect of zeroes in the divisor and dividend as a way to assist them in problem solving?
DIFFERENTIATION
Extension

Using a problem such as 208 divided by 30, have students explain and give evidence for ignoring the zeroes or using them as a shortcut to solving this division problem. Require an explanation that uses multiple representations to explain their conclusions.
Intervention
For students who immediately determine Steven’s answer to be correct, give them another problem. 

250 ÷ 
TECHNOLOGY CONNECTION 

This website offers additional strategies and explanations for how to teach students both the conceptual information behind division as well as mental math strategies: http://www.nzmaths.co.nz/Number/Operating%20Units/MultDivStrategies.aspx
Name ________________________________________ Date ___________________________

[image: image64.jpg]



What is 2,500 ÷ 300?
Steven says the answer to 2500 ÷ 300 is 8, with a remainder of 1. He said, “My reason is because you can just cross out two 0s in both numbers to make it 25 ÷ 3. The answer to 25 ÷ 3 is 8, with a remainder of 1.” Is he correct? Why or why not? 

[image: image65.wmf]
PERFORMANCE TASK: And the Question Is...?
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STANDARDS ADDRESSED
M4N4. Students will further develop their understanding of division of whole numbers and divide in problem solving situations without calculators.

a. Know the division facts with understanding and fluency.

b. Solve problems involving division by 1 or 2-digit numbers (including those that generate a remainder).
c. Understand the relationship between dividend, divisor, quotient, and remainder.
M4P1. Students will solve problems (using appropriate technology).

a. Build new mathematical knowledge through problem solving.

b. Solve problems that arise in mathematics and in other contexts.
c. Apply and adapt a variety of appropriate strategies to solve problems.
d. Monitor and reflect on the process of mathematical problem solving.

M4P2. Students will reason and evaluate mathematical arguments.

a. Recognize reasoning and proof as fundamental aspects of mathematics.

b. Make and investigate mathematical conjectures.

c. Develop and evaluate mathematical arguments and proofs.

d. Select and use various types of reasoning and methods of proof.

M4P3. Students will communicate mathematically.

a. Organize and consolidate their mathematical thinking through communication.

b. Communicate their mathematical thinking coherently and clearly to peers, teachers, and others.
c. Analyze and evaluate the mathematical thinking and strategies of others.
d. Use the language of mathematics to express mathematical ideas precisely.

M4P4. Students will make connections among mathematical ideas and to other disciplines.
a. Recognize and use connections among mathematical ideas. 

b. Understand how mathematical ideas interconnect and build on one another to produce a coherent whole.
c. Recognize and apply mathematics in contexts outside of mathematics.
ESSENTIAL QUESTIONS
· Why is it important to note the remainder in a division problem?

· When will a remainder signal us to change my final solution to a division problem?

· How will we know when we can ignore a remainder?

MATERIALS
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“And the Question Is” recording sheet 

GROUPING
Partner or Individual Task
TASK DESCRIPTION, DEVELOPMENT, AND DISCUSSION 
In this task, students describe situations that require using a remainder or discarding a remainder in a division problem.

Comments

This task provides an excellent opportunity for students to explore and discuss real life situations in which remainders are treated differently.

Background Knowledge 
Many division problems require students to think about how to deal with the remainder. In some situations, the remainder is ignored. Other times the remainder causes the correct answer to a problem to be the next higher whole number. Still another situation is when the answer is the remainder only.

The remainder in the following division problem can be addressed in more than one way: 
[image: image68.png]24)368¢
- 2400100
128¢
-1200 50
8¢
- 72| 3
12| 153R 12




                          

Example 1:

There are 364 candies. If you give 15 candies to each person, how many people can receive 15 candies? 

The answer is 24 because no person can receive more than 15 candies, so the remaining candies are put away for another day. 

Example 2:
There are 364 pounds of sugar. If you want to put all of it away in 15-pound containers, how many containers do you need?

The answer must be 25 because the remaining sugar also needs to be placed into a 15-pound container.
Example 3:

There are 364 candies. If the candy is shared by 15 children, how much will be left over?

The answer is 4 candies will be left over because 360 can be shared equally with 15 children. There would need to be 375 candies for each child to get one more piece of candy with none leftover.

Example 4: 

There are 364 candies. You put 15 candies into each gift bag. If you use all of the candy, how many bags will have 15 candies? How many candies will be left over?

There will be 24 bags with 15 candies in each and 4 candies left over.
Task Directions
Students will follow the directions below from the “And the Question Is?” recording sheet.
1. Calculate 364 ÷ 15. Show your work.

2. Write a word problem for which 364 ÷ 15 is the appropriate computation but the remainder is ignored in the answer. 
3. Write another word problem for which 364 ÷ 15 is the appropriate computation, but this time, the remainder causes the answer to the problem to be rounded in a way that yields a different result. 
Questions/Prompts for Formative Student Assessment

· What does the remainder in this division problem mean?

· Will this remainder make a difference in solving the problem if you were doing it in real life? How do you know?

· When can you ignore a remainder? How do you know?
Questions for Teacher Reflection

· Are my students able to determine when a remainder can be ignored and when it cannot?
· What opportunities have I provided for my students to explain their understandings to each other and to me? 
DIFFERENTIATION
Extension

Have students create problems with a certain requirement for the remainder. For example, students will create problems where there is no remainder, where the remainder is the answer, or where there must be a certain number as the remainder. (Look at the examples in the “Background Information” section of this task for other possibilities.)

Intervention
Students who struggle with language skills are likely to also struggle with a complex process such as division. Provide frequent cues and organizational charts to assist students as they gain mastery with the process. Having them talk through their remainders with each other or during small group instruction will reinforce their understanding of the concept.
TECHNOLOGY CONNECTION 

http://www.uen.org/Lessonplan/preview.cgi?LPid=6096 A literature connection with the book Remainder of One by Elinor J. Pinczes. Also, an attachment, “Remainder Riddle,” could be used to further explore remainders.

Name _________________________________________ Date __________________________
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And the Question is…?
1. Calculate 364 ÷ 15. Show your work.
1. Write a word problem for which 364 ÷ 15 is the appropriate computation but the remainder is ignored in the answer. 
2. Write another word problem for which 364 ÷ 15 is the appropriate computation, but this time, the remainder causes the answer to the problem to be rounded in a way that yields a different result. 
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PERFORMANCE TASK: Division Three in a Row
STANDARDS ADDRESSED
M4N3. Students will solve problems involving multiplication of 2-3 digit numbers by 1 or 2 digit numbers.

M4N4. Students will further develop their understanding of division of whole numbers and divide in problem solving situations without calculators.

a. Know the division facts with understanding and fluency.

c. Understand the relationship between dividend, divisor, quotient, and remainder.
M4N7. Students will explain and use properties of the four arithmetic operations to solve and check problems.

d. Use mental math and estimation strategies to compute.

M4P1. Students will solve problems (using appropriate technology).

a. Build new mathematical knowledge through problem solving.

b. Solve problems that arise in mathematics and in other contexts.
M4P2. Students will reason and evaluate mathematical arguments.

c. Develop and evaluate mathematical arguments and proofs.

M4P5. Students will represent mathematics in multiple ways.

a. Create and use representations to organize, record, and communicate mathematical ideas.
ESSENTIAL QUESTIONS
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· How can estimating help us when solving division problems?

· What strategies can we use to efficiently solve division problems?

MATERIALS
· Color Counters

· “Division Three in a Row” game board (printed on card stock and/or laminated for durability)

· Calculators
GROUPING
Small Group or Partner Task
TASK DESCRIPTION, DEVELOPMENT, AND DISCUSSION 
In this task, students practice dividing 3-digit numbers by 1-digit numbers in a game format.

Comments

Being able to estimate and mentally divide a 3-digit number by a 1-digit number is an important pre-requisite skill for dividing a whole number by a 2-digit number. Helping students develop their mental computation or estimation ability in general is also an important focus of Grade 4 GPS. Eventually, you may want to challenge your students with game boards that contain simple 4-digit numbers in the Dividend Box or multiples of 10 (i.e., 10, 20, … 90) in the Divisor Box.
Background Knowledge 
Be sure students know and understand the appropriate vocabulary used in this task. Provide index cards or sentence strips with key vocabulary words (i.e. quotient, dividend, divisor). Have students place the cards next to the playing area to encourage the usage of correct vocabulary while playing the game. 

As students play this game, it is important to remind them that they can use the calculator only after they announce their quotients. Remember that we want students to use estimation skills and mental math strategies to divide a 3-digit number by a 1-digit number.
KEY TO DIVISION THREE IN A ROW GAME

	630÷2

315
	672÷7

96
	315÷8

39 R3
	504÷3

168
	672÷8

84
	168÷5

33 R3

	168÷8

21
	315÷3

105
	504÷7 or 360÷5

72
	504÷7 or 360÷5

72
	315÷2

157 R1
	168÷9

18 R6

	672÷9

74 R6
	630÷5

126
	168÷2

 84
	315÷7 or 360÷8

45
	630÷3

210
	315÷7 or 360÷8

45

	630÷7

90
	504÷2

252
	504÷9 or 168÷3

56
	360÷9

40
	315÷5

63
	672÷3

224

	504÷9 or 168÷3
56
	630÷9

70
	504÷5

100 R4
	630÷8

78 R6
	168÷7

24
	360÷2

180

	672÷5

134 R2
	504÷8

63
	360÷3

120
	672÷2

336
	315÷9

35
	360÷7

51 R3


This game can be made available for students to play independently. However, it is important for students to share some of the strategies they develop as they play. Strategies may include:

· Estimating the product of the number in a desired space with one of the divisors to find the dividend.
· Estimating by rounding the numbers in Box A.
Task Directions

Students will follow the directions below from the “Division Three in a Row” Game Board.
This is a game for two or three players. You will need color counters (a different color for each player), game board, pencil, paper, and a calculator.

Step 1: 
Prior to your turn, choose one number from Box A and one number from Box B. Divide these numbers on your scratch paper. Be prepared with your answer when your turn comes.
Step 2: 
On your turn, announce your numbers and the quotient for your numbers. Explain your strategy for finding the answer. 
Step 3:
Another player will check your answer with a calculator after you have announced your quotient. If your answer is correct, place your counter on the appropriate space on the board. If the answer is incorrect, you may not place your counter on the board and your turn ends. 
Step 4: 
Your goal is to be the first one to make “three-in-a-row,” horizontally, vertically, or diagonally.
DIFFERENTIATION

Extension

· Have students develop their own game boards to include different divisors, dividends and quotients.
· A variation of the game above is to require each player to place a paper clip on the numbers they use to divide. The next player may move only one paper clip either the one in Box A or the one in Box B. This limits the quotients that can be found and adds a layer of strategy to the game.

Intervention
· Allow students time to view the game boards and work out two or three of the problems ahead of time to check their readiness for this activity.

· Use numbers in Box A that are evenly divisible, and then move to quotients with remainders.
Name _________________________________________ Date __________________________
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Division Three in a Row Game Board
This is a game for two or three players. You will need color counters (a different color for each player), game board, pencil, paper, and a calculator.

Step 1: 
Prior to your turn, choose one number from Box A and one number from Box B. Divide these numbers on your scratch paper. Be prepared with your answer when your turn comes.
Step 2: 
On your turn, announce your numbers and the quotient for your numbers. Explain your strategy for finding the answer. 
Step 3:
Another player will check your answer with a calculator after you have announced your quotient. If your answer is correct, place your counter on the appropriate space on the board. If the answer is incorrect, you may not place your counter on the board and your turn ends. 
Step 4: 
Your goal is to be the first one to make “three-in-a-row,” horizontally, vertically, or diagonally.
	Dividend
	Divisor

	168     315     360     504     630     672
	2      3      5      7      8      9


	315


	96
	39 R3
	168
	84
	33 R3

	21


	105
	72
	72
	157 R1
	18 R6

	74 R6


	126
	84
	45
	210
	45

	90


	252
	56
	40
	63
	224

	56


	70
	100 R4
	78 R6
	24
	180

	134 R2


	63
	120
	336
	35
	51 R3
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LEARNING TASK: Division Means Sharing 
STANDARDS ADDRESSED
M4N4. Students will further develop their understanding of division of whole numbers and divide in problem solving situations without calculators.

a. Know the division facts with understanding and fluency.

c. Understand the relationship between dividend, divisor, quotient, and remainder.
M4N7. Students will explain and use properties of the four arithmetic operations to solve and check problems.

a. Describe situations in which the four operations may be used and the relationships among them.

d. Use mental math and estimation strategies to compute.

M4P1. Students will solve problems (using appropriate technology).

a. Build new mathematical knowledge through problem solving.

b. Solve problems that arise in mathematics and in other contexts.
c. Apply and adapt a variety of appropriate strategies to solve problems.
d. Monitor and reflect on the process of mathematical problem solving.
M4P2. Students will reason and evaluate mathematical arguments.

a. Recognize reasoning and proof as fundamental aspects of mathematics.

b. Make and investigate mathematical conjectures.

c. Develop and evaluate mathematical arguments and proofs.

M4P3. Students will communicate mathematically.

a. Organize and consolidate their mathematical thinking through communication.

b. Communicate their mathematical thinking coherently and clearly to peers, teachers, and others.
c. Analyze and evaluate the mathematical thinking and strategies of others.
d. Use the language of mathematics to express mathematical ideas precisely.

M4P4. Students will make connections among mathematical ideas and to other disciplines.
a. Recognize and use connections among mathematical ideas. 

b. Understand how mathematical ideas interconnect and build on one another to produce a coherent whole.
c. Recognize and apply mathematics in contexts outside of mathematics.
M4P5. Students will represent mathematics in multiple ways.

a. Create and use representations to organize, record, and communicate mathematical ideas.
ESSENTIAL QUESTIONS
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· What strategies can we use to efficiently solve division problems?

· What real life situations require division?

MATERIALS
· Base-Ten Blocks (5 flats, 15 longs and 20 unit blocks per student/group)

· “Division Means Sharing” recording sheet
· Grid Paper and coloring utensils (crayons, markers, or color pencils)

GROUPING
Small Group Task
TASK DESCRIPTION, DEVELOPMENT, AND DISCUSSION 
In this task, students solve a real world problem using base-ten blocks to model their work and justify their results.
Comments

As you observe students working on this task, pay attention to which blocks they use. While most students will begin with the hundreds block, some may begin with unit or ten blocks as they did with addition and subtraction. Allow students to struggle a little with this and as they discuss various approaches, guide students to realize the efficiency and simplicity of starting with the hundred blocks. 
Background Knowledge 
There are two common interpretations of division: fair-sharing (or partition) and measurement (or repeated subtraction). The given problem is fair-sharing model for division: if we share $536 among 4 groups fairly, how much money will each group receive? A measurement context could be given to demonstrate this problem as follows: if each group receives 4, how many groups can share 536 equally? 
There are several methods that students typically use to solve division problems. The problem of sharing $536 among four children is solved using these typical methods below.

Method 1 (Fair-sharing)
Represent 536 using base ten blocks as shown below.

[image: image75.png]



Giving each person one flat (hundred-block) will leave 136 to be split between four children. Trading one flat for 10 rods gives a total of 13 rods to be shared with the four groups. (See figure 1 below.) 
[image: image76.wmf]
[image: image77.wmf]Trading the remaining rod for 10 unit blocks leaves a total of 16 unit blocks to be shared with the four groups. (See figure 2 below). Giving each person four unit blocks mean each child receives 100 + 30 + 4 representing $134. Each child should collect $134 for cleaning the house and yard.

Method 2 (Fair-sharing)
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Students may use a chart similar to the one below to share a given amount. Looking at the base ten blocks representing 536 a student may see that there are enough hundred-blocks for each child to get 1 so the student puts 100 in each column of the chart. After trading the hundred-block for 10 tens (rods), there are 13 rods or a total of 130 to share with the four groups. The student knows that 3 x 4 = 12, and 30 x 4 = 120; so she puts 30 in each column. Left with a total of 16 (1 ten and 6 unit blocks) the student knows that 4 x 4 =16; so she puts 4 in each column. This leaves 100 + 30 + 4 in each column and indicates that each child would receive $134 for their work.

Method 3 (Measurement)
With this method the student wants to find how many 4s are in 536. He starts with 4 x 100 = 400. Seeing that is not enough, he tries 4 x 125 = 500. If 125 fours is 500, that leaves 36 to be shared. So, he thinks about how many 4s are in 36. Knowing 4 x 9 = 36, he is able to determine that there are 125 + 9, or 134 groups of 4 in 536. 
Another way a student may think about how many 4s are in 536 would be to start by thinking 4 x 100 = 400. This leaves 136. She knows that 4 x 25 = 100, leaving 36. Knowing 4 x 9 = 36, she is able to determine that there are 100 + 25 + 9, or 134 groups of 4 in 536.

While measurement division does not fit the context of the problem, students would need to recognize that the quotient is the same.
For more information on the Background Information above, see Van De Walle, J. A. (2007) Elementary and Middle school mathematics: Teaching developmentally (6th Ed.). Boston: Pearson Education, Inc., p. 237.
Task Directions
Students will follow the directions below from the “Division Means Sharing” recording sheet.
You and three of your friends worked over the holiday weekend to help your neighbor clean up her house and yard. She gave the group $536 with the instructions that each of you receive the same amount. How much money should you receive?
Model your solution using base-ten blocks. Use words, pictures and numbers to show your thinking. Explain how you can be sure your answer is correct. 

Questions/Prompts for Formative Student Assessment
· Explain your strategy for modeling with the base-ten blocks.

· How many hundred blocks will each group receive? How many hundred blocks will be left over? After you trade the left over hundred blocks, how many ten blocks will you have all together?
· How does using the base-ten blocks help you solve the problem?
· What other method or strategy can you think of that could help you solve this problem? Do you think it could be done without the manipulatives? How?
Questions for Teacher Reflection
· Are my routines and procedures such that students feel they can take risks and explore mathematical concepts even if their pursuits don’t get the correct end answers?
· What levels of frustration did I allow my students to experience before providing them with assistance? Was it too much? Too little? How do I decide?

· Did I give ample opportunity for my students to share their problem solving strategies? Did I use these experiences as opportunities to correct misconceptions or extend student understanding?
DIFFERENTIATION
Extension 
Having students make non-linguistic representations is a powerful way to see if their understanding is complete or if there are misconceptions in their thinking. Have your students make nonlinguistic representations that are not dependent on base-ten models to show the solution to this problem. 
Intervention 
Work with students using a problem that does not involve regrouping the base-ten pieces at first. Have them explain each step and when they’re comfortable with the concept, introduce a problem involving regrouping the blocks.
TECHNOLOGY CONNECTION 
http://hrsbstaff.ednet.ns.ca/davilynw/WebGems/Printer%20Friendly/Math/introdivision.htm
A lesson on using the literature story The Doorbell Rang by Pat Hutchens to further explore division
Name ________________________________________ Date ___________________________
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Division Means Sharing 

You and three of your friends worked over the holiday weekend to help your neighbor clean up her house and yard. She gave the group $536 with the instructions that each of you receive the same amount. How much money should you receive?

Model your solution using base-ten blocks. Use words, pictures and numbers to show your thinking. Explain how you can be sure your answer is correct. 
LEARNING TASK: Fourth Grade Finds Out How Many
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STANDARDS ADDRESSED
M4N4. Students will further develop their understanding of division of whole numbers and divide in problem solving situations without calculators.

a. Know the division facts with understanding and fluency.

b. Solve problems involving division by 1 or 2-digit numbers (including those that generate a remainder).
c. Understand the relationship between dividend, divisor, quotient, and remainder.
d. Understand and explain the effect on the quotient of multiplying or dividing both the divisor and dividend by the same number. (2050 ÷ 50 yields the same answer as 205 ÷ 5).

M4N7. Students will explain and use properties of the four arithmetic operations to solve and check problems.

a. Describe situations in which the four operations may be used and the relationships among them.

d. Use mental math and estimation strategies to compute.

M4A1. Students will represent and interpret mathematical relationships in quantitative expressions.
a. Understand and apply patterns and rules to describe relationships and solve problems.

M4P1. Students will solve problems (using appropriate technology).

a. Build new mathematical knowledge through problem solving.

b. Solve problems that arise in mathematics and in other contexts.
c. Apply and adapt a variety of appropriate strategies to solve problems.
d. Monitor and reflect on the process of mathematical problem solving.

M4P2. Students will reason and evaluate mathematical arguments.

a. Recognize reasoning and proof as fundamental aspects of mathematics.

b. Make and investigate mathematical conjectures.

c. Develop and evaluate mathematical arguments and proofs.

d. Select and use various types of reasoning and methods of proof.

M4P3. Students will communicate mathematically.

a. Organize and consolidate their mathematical thinking through communication.

b. Communicate their mathematical thinking coherently and clearly to peers, teachers, and others.
c. Analyze and evaluate the mathematical thinking and strategies of others.
d. Use the language of mathematics to express mathematical ideas precisely.

M4P4. Students will make connections among mathematical ideas and to other disciplines.
a. Recognize and use connections among mathematical ideas. 

b. Understand how mathematical ideas interconnect and build on one another to produce a coherent whole.
c. Recognize and apply mathematics in contexts outside of mathematics.
M4P5. Students will represent mathematics in multiple ways.

a. Create and use representations to organize, record, and communicate mathematical ideas.
b. Select, apply, and translate among mathematical representations to solve problems.
c. Use representations to model and interpret physical, social, and mathematical phenomena.
ESSENTIAL QUESTIONS
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· How can we model division using base ten blocks?
· Can we develop a way to solve division problems with larger numbers efficiently and reliably?

· How are remainders and divisors related?

· What is the meaning of a remainder in a division problem? 
· How do we use a remainder after dividing? 

MATERIALS
· “Fourth Grade Finds Out How Many” recording sheet
· Base ten blocks and/or grid paper as needed

GROUPING
Small Group or Partner Task
TASK DESCRIPTION, DEVELOPMENT, AND DISCUSSION 
In this task, students continue to build on their knowledge of division by using manipulatives and begin to develop strategies to solve word problems.
Comments

These word problems will allow your students more practice using base ten blocks to solve division problems. It is important for students to have time to work these problems using hands-on materials.
The major purpose of this task is to help students begin to consider the move beyond manipulatives (at their own pace) and begin to develop an efficient way to record their thinking. Some students may draw base-ten blocks, and eventually begin to simply use numbers to record their actions.
Background Knowledge 

Learning how to record their work, when solving these problems, is an important step for students. Have the students present their answers to the question and how they got their answer. Look carefully at the methods students use to record their work. If needed, lead them to an organized method of recording their work.
Solutions for the “Fourth Grade Finds Out How Many” student sheet are found below. 
1. There are 158 students in the 4th grade. There are six 4th grade teachers. If the students are evenly divided among the teachers, how many students will be in each teacher’s classroom? If there is a remainder in this problem, what does it represent and what effect does it have on the answer?

Method 1 (Measurement)
How many 6s are in 158? I know 10 groups of 6 are 60, so 20 groups of 6 are 120. If I subtract 158 – 120, then I have 38 remaining. I know 6 more groups of 6 make 36. This leaves 2 extra because 38 – 36 = 2. So there are 20 + 6 = 26 groups of 6 with 2 left over. 
Method 2 (Partition)
I can model this with base-ten blocks as follows:
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Starting with 158 blocks, I trade one flat for ten rods.
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Next 
I share 12 rods, two in each of six groups.
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I trade the three remaining rods for six groups of 5 unit blocks. 

Finally, I put five unit blocks in each group and then there are enough unit blocks for each group to get one more block each. That leaves two blocks. 
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Two students will need to be put in a class. Maybe two of the classes will have 27 students while the rest have 26 or one class will have 28 students while the rest have 26 students.
2. At the end of the school year, your teacher needs to move all the math textbooks to the bookroom. There are 127 math books for 4th grade. There are 8 students who volunteered to move the books. If each student moves the same number of books, how many books will each student move? Are there any books left over for the teacher to move? Do you think the students will be able to complete the move in one trip to the book room? If not, how many trips do you think they will need to make?

Method 1 (Measurement)
Some students may approach this by realizing that 80 books ÷ 8 = 10 books. This will leave 47 books because 127 – 80 = 47. And 40 books ÷ 8 = 5 books. Since 47 – 40 = 7, there are still 7 books left over. There are eight students so there are not enough books left for each student to carry one more. Therefore each student will need to carry 10 books + 5 books or 15 books. Since 7 books are left over and each student must carry the same number, the teacher will need to carry these 7 books.

Most math books are heavy and 15 books are quite a few to carry. Typical Grade 4 students will probably only be able to carry 4 or 5 books at a time. Be sure to accept reasonable answers. Also, some students may want to actually demonstrate how many books they can carry. If that is the case, be sure no one is hurt.
Method 2 (Partition)
Starting with 127, trade one flat for 10 rods. Give each of eight groups on rod.
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Trade each of the four remaining rods for 40 unit blocks. Putting them in groups of 5 there are eight groups of five. Place 5 unit block into each of the eight groups, leaving 7 unit blocks. Because there are not enough for each group to get one more unit block, there is a remainder of 7. 
[image: image87.png]ems Dss

‘How Are These Alike?

Expl s s group fpecelras el e sl g s,
picnes, mdorrmban.

1. Explan bor xch f hepeselams el e sl 1024

2002300
b 20230
& -5
& s
2. Expli s st of e prlans bl s st 10 60 15:
2 sxas0
b 300x3
@ 2085
&

3. Raront 3 mocetivision sprssons st 1024 -3 s splan bow thy rsaltad.

4. Racont 3 mocemuliplicaion xprasions slaad 0 60 15 sl bow ey e




Therefore, each student would need to carry 10 + 5 or 15 books. The 7 remaining books would need to be carried by someone else.

3. All the 4th grade students are going on a field trip. There are 172 4th graders and there are 7 buses waiting to take the students. If each bus can hold 32 students, are there enough buses to carry all the students or are there too many buses? Explain how you know.
Method 1 (Measurement)
Here students need to find how many groups of 32 are in 172. If the answer is less than or equal to 7, then there are enough buses. Students may start with 32 x 10. There are not 10 groups of 32 in 172 because that would be 320. But, 5 groups of 32 would be half of 320 or 160. Since 172 – 160 = 12, there is not enough for one more group of 32. Therefore, they would need 6 buses because there would be 5 full buses of 32 plus a bus for the 12 remaining students.
Method 2 (Measurement)
Starting with 162, trade one flat for 10 rods, and one rod for ten unit blocks. 
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Next, put the blocks into groups of 32. There are enough blocks to make 5 groups, leaving a remainder of 12 blocks. Therefore, there would need to be six buses to transport all of the students.
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4. The field trip planners forgot to count the 12 chaperones and teachers who are also going on the field trip in Problem 4. How many buses do we need now?

The number of buses needed is still 6 because if 12 people are added to the remainder of 12 that is a total of 24 people. Each bus holds 32 people. Therefore, there is still room for 8 more people because 12 + 12 = 24 and 32 – 24 = 8. Only 6 buses are needed even with the 12 additional people.

Task Directions
Students will follow the directions below from the “Fourth Grade Finds Out How Many” recording sheet.

Solve the following problems. Pay close attention to the question you are trying to answer. Make sure you explain any remainders in your problems. 
Record your work as you solve these problems. Use words, pictures and numbers to show how you solve each of these problems.
1. There are 158 students in the 4th grade. There are six 4th grade teachers. If the students are evenly divided among the teachers, how many students will be in each teacher’s classroom? If there is a remainder in this problem, what does it represent and what effect does it have on the answer?

2. At the end of the school year, your teacher needs to move all the math textbooks to the bookroom. There are 127 math books for 4th grade. There are 8 students who volunteered to move the books. If each student moves the same number of books, how many books will each student move? Are there any books left over for the teacher to move? Do you think the students will be able to complete the move in one trip to the book room? If not, how many trips do you think they will need to make?
3. All the 4th grade students are going on a field trip. There are 172 4th graders and there are 7 buses waiting to take the students. If each bus can hold 32 students, are there enough buses to carry all the students or are there too many buses? Explain how you know.

4. The field trip planners forgot to count the 12 chaperones and teachers who are also going on the field trip in Problem 4. How many buses do we need now?

5. Create your own problem and solution to present to the class.

Questions/Prompts for Formative Student Assessment
· What was your process for setting up each problem with the base-ten blocks?
· Explain how your model illustrates division.
· Is there a step of the division process in which you find yourself getting confused? What do you do to help yourself when you get confused at this step? 

· How do you know you have a remainder?

Questions for Teacher Reflection
· Are students able to explain their thinking and applying reasoning skills to their decisions as they solve the problems?
· How reliably are students solving division problems correctly? If they are not solving them with consistent reliability, what is my plan for helping them improve this?
· Can my students explain the remainder in a variety of division problems?
DIFFERENTIATION
Extension
Have studemts practice “teaching” the concepts of division to another student. Beware of pairing students who are very far apart in skill levels, however. The best peer tutoring situations often happen when the students are near in skill level. Allow the student who is more advanced to “teach” a division strategy to another student who can “critique” their delivery and offer relevant feedback. Both students will gain from the interaction. 
Intervention
One of the most important aspects of these standards is for students to conceptualize and understand the process of fair sharing division. Use appropriate questioning to help students be sure they reach solutions that make sense for the question asked in the word problem. Having students make a statement of the final solution in complete sentence format is critical.
TECHNOLOGY CONNECTION
http://www.arcytech.org/java/b10blocks/b10blocks.html Virtual base ten manipulatives
Name _________________________________________ Date __________________________
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Fourth Grade Finds Out How Many
Solve the following problems. Pay close attention to the question you are trying to answer. Make sure you explain any remainders in your problems. 
On a separate sheet of paper, record your work as you solve these problems. Use words, pictures and numbers to show how you solve each of these problems.

1. There are 158 students in the 4th grade. There are six 4th grade teachers. If the students are evenly divided among the teachers, how many students will be in each teacher’s classroom? If there is a remainder in this problem, what does it represent and what effect does it have on the answer?

2. At the end of the school year, your teacher needs to move all the math textbooks to the bookroom. There are 127 math books for 4th grade. There are 8 students who volunteered to move the books. If each student moves the same number of books, how many books will each student move? Are there any books left over for the teacher to move? Do you think the students will be able to complete the move in one trip to the book room? If not, how many trips do you think they will need to make?

3. All the 4th grade students are going on a field trip. There are 172 4th graders and there are 7 buses waiting to take the students. If each bus can hold 32 students, are there enough buses to carry all the students or are there too many buses? Explain how you know.
4. The field trip planners forgot to count the 12 chaperones and teachers who are also going on the field trip in Problem 4. How many buses do we need now?

5. Create your own problem and solution to present to the class.
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LEARNING TASK: Packs of Bubble Gum


STANDARDS ADDRESSED
M4N4. Students will further develop their understanding of division of whole numbers and divide in problem solving situations without calculators.

a. Know the division facts with understanding and fluency.

b. Solve problems involving division by 1 or 2-digit numbers (including those that generate a remainder).
c. Understand the relationship between dividend, divisor, quotient, and remainder.
M4P1. Students will solve problems (using appropriate technology).

c. Apply and adapt a variety of appropriate strategies to solve problems.

M4P3. Students will communicate mathematically.

a. Organize and consolidate their mathematical thinking through communication.

M4P4. Students will make connections among mathematical ideas and to other disciplines.
a. Recognize and use connections among mathematical ideas. 

b. Understand how mathematical ideas interconnect and build on one another to produce a coherent whole.
c. Recognize and apply mathematics in contexts outside of mathematics.
M4P5. Students will represent mathematics in multiple ways.

a. Create and use representations to organize, record, and communicate mathematical ideas.
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ESSENTIAL QUESTIONS
· How can we efficiently record our thinking when dividing?

· What strategies can we use to divide efficiently?
· What strategies can we use to efficiently solve division problems?

MATERIALS
“Packs of Bubble Gum” recording sheet
GROUPING
Partner or Small Group Task
TASK DESCRIPTION, DEVELOPMENT, AND DISCUSSION 
Students solve problems requiring division and develop strategies to record their thinking accurately and efficiently.
Comments

For this task, it may be very beneficial to solve the problems one at a time. If no instruction on the partial products algorithm has been given prior to this task, would be beneficial to use a “think aloud” technique with the first problem or with a problem similar to it. This way the teacher is able to provide an example for the students where the recording procedure is demonstrated as well as the thinking that is involved to solve the problem. 
For the rest of the problems, provide students an opportunity to solve the problem with a partner or small group. Then allow groups to explain their thinking and how they recorded their work with the class. Be thoughtful about the order in which students are allowed to share their work, saving the most efficient solutions until last.

 This algorithm allows students to use “friendly” numbers such as multiples of 10 when dividing. Also, students are able to work through a problem flexibly; some students are able to solve a problem with just a couple of steps, others will be less efficient, but just as accurate using more steps.
Background Knowledge
Students will find that the numbers used in these problems are too large to use base ten blocks or other typical materials. Therefore, students will need to use their understanding of division and efficient strategies to keep track of their thinking to solve these problems. One way they may do this is through the use of measurement division using an area model. In the first example below, students could subtract groups of 12, keeping track of the number of groups of 12 subtracted as well as the remaining amount in the dividend as shown below.
1. If the company can produce 4,092 pieces of Juicy Watermelon Gum per minute, how many 12-piece packs can they produce in one minute? 
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It is important to develop a consistent way to describe students’ work with division. For example, for the solution to the right, a student could describe their work in the following way:

First, I know that 12 x 3 is 36, 12 x 30 is 360, so 12 x 300 must be 3,600. They can make 300 12-packs of gum with 492 pieces of gum left. I know that 12 x 4 = 48, so 12 x 40 must be 480. They can make 40 more 12-packs of gum. I still have 12 pieces of gum left which is enough for one more pack. Therefore, in one minute they can make 300 + 40 + 1 or 341 packs of gum with no pieces of gum leftover. 
Students can approach this problem in a variety of ways. They may start by multiplying 12 x 100 three times therefore subtracting 1200 three times before having 492 pieces of gum left. Then students might recognize that 12 x 20 = 240, subtracting 240 twice before being left with 12 pieces of gum with which they can make one more pack of gum. 
2. If the company can produce 3,684 pieces of Sour Strawberry Gum per minute, how many 24-piece packs can they produce in one minute?
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First, I know that 24 x 10 is 240, so 24 x 100 must be 2,400. They can make 100 24-packs of gum with 1284 pieces of gum left. I know that 24 x 100 = 2,400, so 24 x 50 must be half of 2,400 or 1,200. They can make 50 more 24-packs of gum. I still have 84 pieces of gum left which is enough for three more packs of gum. Therefore, in one minute they can make 100 + 50 + 3 or 153 packs of gum with 12 pieces of gum leftover. 
Again, students could approach this problem in many ways. Some students may not have recognized that 1,284 pieces of gum is close to 24 x 50, instead repeatedly subtracting 10 groups of 24 or 240 until 84 remained. Similarly, some students may not recognize that 24 x 3 = 72 and again used repeated subtraction. 
It is helpful for students to share with the class their thinking about a problem. Having a student explain that 25 x 3 = 75, so 24 x 3 = (25 x 3) – 3 = 75 – 3 = 72 helps students recognize different ways to find products, avoiding repeated partial quotients.

3. If the company can produce 4,298 pieces of Extreme Cinnamon Gum per minute, how many 48-piece packs can they produce in one minute?
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First, I know that 48 x 10 is 480, so 48 x 100 must be 4,800. But that is a little too big. So I will start with half of 48 x 100 = 4,800, which is 48 x 50 = 2,400. They can make 50 48-packs of gum with 1898 pieces of gum left. I know that 48 x 10 = 480, so 48 x 20 must be double 480 or 960. They can make 20 more 48-packs of gum. I still have 938 pieces of gum left. This is not enough for 20 more packs, so I’ll use 48 x 10 = 480. They can make 10 packs of gum with 458 pieces left. This is not quite enough for 10 more packs but is enough for 9 more packs. Instead I’ll use 48 x 10 = 480; 480 – 48 = 432. This is enough for 9 more packs of gum with 26 pieces left over. Therefore, in one minute they can make 50 + 20 + 10 + 9 or 89 48-piece packs of gum with 26 pieces of gum leftover. 
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Students who are more fluent with multiplication may approach this problem as shown in the second example of 4298 ÷ 48 to the right. For this solution, students might have thought about 50 x 80 = 4000 to find a product close to 4298. If students multiplied 48 x 8 = 384, they could determine that 48 x 80 = 3480. The rest of the problem would be solved in a manner similar to the example above.

For more information on the Background Information above, see Kilpatrick, J., Swafford, J., & Findell, B. (2001) Adding it up: Helping children learn mathematics. Washington, D.C.: National Academies Press. A link to this book can be found at:
http://books.nap.edu/openbook.php?record_id=9822&page=R1 

Task Directions
Students will follow the directions below from the “Packs of Bubbly Gum” recording sheet.
The Best Bubble Gum Company packs their gum in 12-piece packs, 24-piece packs, and their mega 48-piece packs. 

1. If the company can produce 4,092 pieces of Juicy Watermelon Gum per minute, how many 12-piece packs can they produce in one minute? 

2. If the company can produce 3,684 pieces of Sour Strawberry Gum per minute, how many 24-piece packs can they produce in one minute?

3. If the company can produce 4,298 pieces of Extreme Cinnamon Gum per minute, how many 48-piece packs can they produce in one minute?

DIFFERENTIATION

Extension
Ask students to consider how many packs of each type of gum can be produced in one day, one week, or one year.
Intervention
To help students with multi-step work such as this, provide some problems that scaffolds their work. A progression could be similar to the progression of support demonstrated below. For more information regarding this strategy, refer to the following video segment from Paul Riccomini, Clemson State University.

https://www.georgiastandards.org/resources/Pages/Videos/Effective-Mathematics-Instruction-for-Students-with-Diverse-Needs.aspx 
Click on the link for Segment 3: “Instructional Scaffolding”
1. Ask students to solve a problem with the correct answer next to the problem:
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Of course, students would be responsible for explaining how each partial quotient was found.
2. Provide a little less support, by providing only some of the steps; again expecting students to be able to explain how to find each part of the problem.
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3. Continue to remove support as students become more fluent with the process. Obviously, the rate at which the supports are removed will vary for different children. Ultimately, the goal is for every student to be able to solve division problems without support. 
TECHNOLOGY CONNECTION 
http://www.learner.org/courses/learningmath/number/session4/part_b/index.html Detailed information and activities for teachers regarding multiplication and division using base ten blocks.
Name _______________________________________ Date ____________________________
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Packs of Bubble Gum

The Best Bubble Gum Company packs their gum in 12-piece packs, 24-piece packs, and their mega 48-piece packs. 
1. If the company can produce 4,092 pieces of Juicy Watermelon Gum per minute, how many 12-piece packs can they produce in one minute?

2. If the company can produce 3,684 pieces of Sour Strawberry Gum per minute, how many 24-piece packs can they produce in one minute?

3. If the company can produce 4,298 pieces of Extreme Cinnamon Gum per minute, how many 48-piece packs can they produce in one minute?

Comments Regarding: “Play Ball!” & “Riding the Roller Coaster”
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Research has shown that thinking stops once students learn an algorithm, because from that point on they think they only need to follow the procedure of the algorithm. Therefore, students need to build their understanding of algorithms and understand why an algorithm works to truly have an understanding of an operation. The tasks in this unit are designed to help students develop an understanding of multiplication and division, a foundation upon which an understanding of common algorithms can be built. However, developing a conceptual understanding of multiplication and division takes time. So before proceeding with “Play Ball!” and “Riding the Roller Coaster,” be sure students have developed a strong conceptual foundation in multiplication and division.
Ideally, a conceptual understanding of multiplication and division can be built over the course of the school year. It is a core understanding that can be weaved throughout mathematics instruction through daily experiences. In this case, the next two tasks may be put on hold until much later in the school year, at a time when all students in the class have a strong conceptual understanding of these important operations.
LEARNING TASK: Play Ball!
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STANDARDS ADDRESSED
M4N3. Students will solve problems involving multiplication of 2-3 digit numbers by 1 or 2 digit numbers.

M4N7. Students will explain and use properties of the four arithmetic operations to solve and check problems.

a. Describe situations in which the four operations may be used and the relationships among them.

d. Use mental math and estimation strategies to compute.

M4P1. Students will solve problems (using appropriate technology).

a. Build new mathematical knowledge through problem solving.

b. Solve problems that arise in mathematics and in other contexts.
c. Apply and adapt a variety of appropriate strategies to solve problems.
d. Monitor and reflect on the process of mathematical problem solving.

M4P2. Students will reason and evaluate mathematical arguments.

a. Recognize reasoning and proof as fundamental aspects of mathematics.

b. Make and investigate mathematical conjectures.

M4P3. Students will communicate mathematically.

a. Organize and consolidate their mathematical thinking through communication.

b. Communicate their mathematical thinking coherently and clearly to peers, teachers, and others.
c. Analyze and evaluate the mathematical thinking and strategies of others.
d. Use the language of mathematics to express mathematical ideas precisely.

M4P4. Students will make connections among mathematical ideas and to other disciplines.
a. Recognize and use connections among mathematical ideas. 

b. Understand how mathematical ideas interconnect and build on one another to produce a coherent whole.
c. Recognize and apply mathematics in contexts outside of mathematics.
M4P5. Students will represent mathematics in multiple ways.

a. Create and use representations to organize, record, and communicate mathematical ideas.
b. Select, apply, and translate among mathematical representations to solve problems.
c. Use representations to model and interpret physical, social, and mathematical phenomena.
ESSENTIAL QUESTIONS
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· Which multiplication algorithms work best for me?

· What is the difference between the various algorithms?

MATERIALS
 “Play Ball!” recording sheet

GROUPING
Small Group or Partner Task
TASK DESCRIPTION, DEVELOPMENT, AND DISCUSSION 
Students use multiplication algorithms to solve problems dealing with Little League Baseball.
Comments

It is important for teachers to gradually guide the students into discovering algorithms. For example, here are two possible methods students could devise to solve problems involving 2-digit by 2-digit multiplication. Both are mathematically correct. The advantage of the partial product algorithm is that the value of each digit is recognized. Also, each partial product is easily identified in the array model, easing the transition from a model to and an algorithm.
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According to the National Research Council (see Adding It Up: Helping Children Learn Mathematics, 2001), students have the most difficulty with the common multiplication algorithm because it requires students to alternate between multiplication and addition. The key to using an algorithm is that students understand how to use it and why it works.

Background Knowledge 

Some students will be aware of the common multiplication algorithm because it has been shared with them by a family member or friend. The goal with this task is to blend the understanding a student has for multiplication from their previous work in this unit with the steps found in the common multiplication algorithm.

First, teachers may want to let students solve the problems in a way the students understand. Then through a class discussion/sharing session, make the connections between the recording strategies students used and the common multiplication algorithm.

For example, ask students who solved a problem using the partial products algorithm to share their thinking first. Next, ask a student who has solved the problem using the common division algorithm to share their work and to explain how they thought about the problem. Ask questions that require students to find commonalities between the two algorithms. If no one used the common multiplication algorithm, put the problem on the board using a “think aloud” strategy to explain your thinking as you solve the problem. 
Ask students to find similarities between the two algorithms. Below, in each example, the relationship between partial products and a common algorithm is demonstrated. Through discussion these similarities need to be made explicit to students to help them understand how the two algorithms are related. Remember, the overall goal is for students to understand the algorithm and to know when to use it.
Solutions to the problems are given below.

1. Each team will have 18 players. There will be 23 teams in the league. How many players are participating in Little League?

While students typically choose to multiply left to right, the common U.S. algorithm requires students to compute from right to left. In order to compare the two algorithms in the boxes below, the problem in the middle provides some information regarding the relationships between the two methods. First, the order in which the numbers are multiplied is reversed. Second, the 184 in the common U.S. algorithm is found from the first two partial products as shown in the middle problem. The other partial product, 230, is also shown in the middle problem. When comparing these two methods through class discussion, be sure to ask students how the two algorithms are related. Make sure students can identify how each of the partial products in both algorithms is found.
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2. Uniforms cost $27 each. Each team needs to purchase 18 uniforms. How much will the uniforms cost for each team?

While students typically choose to multiply left to right, the common U.S. algorithm requires students to compute from right to left. In order to compare the two algorithms in the boxes below, the problem in the middle provides some information regarding the relationships between the two methods. First, the order in which the numbers are multiplied is reversed. Second, the 216 in the common U.S. algorithm is found from the first two partial products as shown in the middle problem. The other partial product, 270, is also shown in the middle problem. When comparing these two methods through class discussion, be sure to ask students how the two algorithms are related. Make sure students can identify how each of the partial products in both algorithms is found.




3. Little League baseballs cost $38 per dozen. Each of the 23 teams needs to buy two dozen baseballs. How much will baseballs for the league cost?

First, students need to find the cost of 3 dozen baseballs because the price is given per dozen, but each team will be buying two dozen baseballs.
Next, find the product using an algorithm which is understood by students. Below are three ways students could have found the product.

While students typically choose to multiply left to right, the common U.S. algorithm requires students to compute from right to left. In order to compare the two algorithms in the boxes below, the problem in the middle provides some information regarding the relationships between the two methods. First, the order in which the numbers are multiplied is reversed. Second, the 342 in the common U.S. algorithm is found from the first three partial products as shown in the middle problem. The other partial product, 2280, is also shown in the middle problem. When comparing these two methods through class discussion, be sure to ask students how the two algorithms are related. Make sure students can identify how each of the partial products in both algorithms is found.



Task Directions
Students will follow the directions below from the “Play Ball!” recording sheet.

Your home town is organizing Little League Baseball. Help with the planning by solving the following problems.

1. Each team will have 18 players. There will be 23 teams in the league. How many players are participating in Little League?

2. Uniforms cost $27 each. Each team needs to purchase 18 uniforms. How much will the uniforms cost for each team?

3. Little League baseballs cost $38 per dozen. Each of the 23 teams needs to buy two dozen baseballs. How much will baseballs for the league cost?

Questions/Prompts for Formative Student Assessment

· How did you think about this problem?
· How did you get 184 in the first problem? How did you get 230?
· What similarities do you see in the two methods?
· Which algorithm do you prefer to use? Why?
Questions for Teacher Reflection
· Are students able to recognize the relationship between the two algorithms for multiplication? Can they use the relationship to understand and follow the common algorithm successfully?
· What additional practice/support do students need to be successful with the common algorithm? 
DIFFERENTIATION
Extension

Ask students if they can find how each of the first three expressions is related to the last expression, 62 x 23. How can students use one or more of the first three expressions to help them find the product of 62 x 23?
60
x
20

62 
x 
10

62 
x 
3

62 
x 
23

For example, the product of 62 x 10 can added to the product 62 x 3 to find the product of 62 x 23. The expression 60 x 10 can be used to find the product of 62 x 20, if needed. Students can be encouraged to add expressions to the cluster if needed. For example, how could 10 x 23, 60 x 23, and 2 x 23 be useful to find the product of 62 x 23?

Once students have solved this cluster of problems, ask them to create a cluster of problems that can be used to find the product of an expression.

Further explanation and examples for cluster problems can be found in Van de Walle, J. (2004) Elementary and middle school mathematics: Teaching developmentally, 5th ed. (p. 217) Boston: Pearson Education, Inc.
Intervention
In this task, students use grid paper to mark the digits in their multiplication problem using symbols and a key. It is extremely important that whenever teaching a complex process to students who struggle in math, to make the steps as concrete, consistent, and sequential as possible. Color pencils can be used to draw the symbols to further cue students in to which step to take next.




Step 1:  Draw a circle around the multiplicand in the ones’ place

Multiplier                      4
2     

Multiplicand
x
2
7      
Step 2:  Multiply the number you circled by all of the digits in the multiplier.  Put your answers in the circles.


+

                                          
Step 3:  Draw a triangle around the multiplicand in the tens’ place.  Put your answers in the triangles.


Step 4:  Add the circle numbers in the columns to the triangle numbers.


Step 5:  If you have a 3-digit multiplicand, you can use a different shape, such as a square, to mark where your answers will go.

TECHNOLOGY CONNECTION 

http://www.nzmaths.co.nz/resource/multiplier-origin-algorithm A teacher resource that provides strategies and explanations for how to teach students both the conceptual information behind multiplication as well as mental math strategies.
Name _______________________________________ Date ____________________________

Play Ball!
Your home town is organizing Little League Baseball. Help with the planning by solving the following problems.

1. Each team will have 18 players. There will be 23 teams in the league. How many players are participating in Little League?

2. Uniforms cost $27 each. Each team needs to purchase 18 uniforms. How much will the uniforms cost for each team?

3. Little League baseballs cost $38 per dozen. Each of the 23 teams needs to buy two dozen baseballs. How much will baseballs for the league cost?

LEARNING TASK: Riding the Roller Coaster
STANDARDS ADDRESSED
M4N4. Students will further develop their understanding of division of whole numbers and divide in problem solving situations without calculators.

a. Know the division facts with understanding and fluency.

b. Solve problems involving division by 1 or 2-digit numbers (including those that generate a remainder).
c. Understand the relationship between dividend, divisor, quotient, and remainder.
d. Understand and explain the effect on the quotient of multiplying or dividing both the divisor and dividend by the same number. (2050 ÷ 50 yields the same answer as 205 ÷ 5).

M4N7. Students will explain and use properties of the four arithmetic operations to solve and check problems.

b. Describe situations in which the four operations may be used and the relationships among them.

e. Use mental math and estimation strategies to compute.

M4P1. Students will solve problems (using appropriate technology).

a. Build new mathematical knowledge through problem solving.

b. Solve problems that arise in mathematics and in other contexts.
c. Apply and adapt a variety of appropriate strategies to solve problems.
d. Monitor and reflect on the process of mathematical problem solving.

M4P2. Students will reason and evaluate mathematical arguments.

a. Recognize reasoning and proof as fundamental aspects of mathematics.

b. Make and investigate mathematical conjectures.

M4P3. Students will communicate mathematically.

a. Organize and consolidate their mathematical thinking through communication.

b. Communicate their mathematical thinking coherently and clearly to peers, teachers, and others.
c. Analyze and evaluate the mathematical thinking and strategies of others.
d. Use the language of mathematics to express mathematical ideas precisely.

M4P4. Students will make connections among mathematical ideas and to other disciplines.
a. Recognize and use connections among mathematical ideas. 

b. Understand how mathematical ideas interconnect and build on one another to produce a coherent whole.
c. Recognize and apply mathematics in contexts outside of mathematics.
M4P5. Students will represent mathematics in multiple ways.

a. Create and use representations to organize, record, and communicate mathematical ideas.
b. Select, apply, and translate among mathematical representations to solve problems.
c. Use representations to model and interpret physical, social, and mathematical phenomena.
ESSENTIAL QUESTIONS
· What strategies can we use to divide efficiently?

· How can division be represented using a common algorithm?
MATERIALS
 “Riding the Roller Coaster” recording sheet

GROUPING
Partner or Individual Task
TASK DESCRIPTION, DEVELOPMENT, AND DISCUSSION 
Students represent a division problem using a common algorithm.
Comments

It is important to understand why the common division algorithms can be difficult for students. According to Adding It Up: Helping Children Learn Mathematics (2001) by the National Research Council, there are two areas where algorithms can be problematic. 

First, the algorithms require students to determine exactly the maximum copies of the divisor that can be taken from successive parts of the dividend. For example, in the problem 3129 ÷ 46 = ?, one must first determine exactly how many 46s can be subtracted from 312. That determination is not always easy. Second, the algorithms creates no sense of the size of the answers one is writing, in part because one is always multiplying by what looks like a single-digit number written above the dividend. (p. 210)
In the example to the right, to start this problem, the student writes a one as the first digit of the quotient. There is no indication that the 1 represents 100 because the student will be multiplying 4 x 1 and subtract 4 from the 5 in the hundreds place.
 Students should have some experience with the common algorithm for division. However, because it can be linked to their previous experiences in this unit with division, students should be able to use the algorithm with understanding of division and place value.
Background Knowledge 

Some students will be aware of the common algorithm for division because it has been shared with them by a family member or friend. The goal with this task is to blend the understanding a student has for division from their previous work in this unit with the steps found in the common division algorithm.

First, teachers may want to let students solve the problem in a way the students understand. Then through a class discussion/sharing session, make the connections between the recording strategies students used and the common algorithm for division.

For example, ask students who used a less efficient method (see Examples 1 & 2) to share their thinking first. (Notice the first examples are identical except for how the quotient was recorded. Either format is fine.) Next, ask a student who has solved the problem using a more efficient method (see Example 3) to share his work. If some students used the common division algorithm (Example 4), ask them to share their work. Then ask the students to explain how they thought about the problem. Ask questions that require students to find commonalities between Examples 3 & 4. If no one used the common division algorithm, put the problem on the board using a “think aloud” strategy to explain your thinking as you solve the problem. Ask students to find similarities between Examples 3 & 4. The goal is for students to understand the algorithm and the meaning of the quotient found.

Task Directions
Students will follow the directions below from the “Riding the Roller Coaster” recording sheet.
At an amusement park, the roller coaster seats 28 passengers per train. If 1,601 people are waiting in line, how many trains will it take for all of the people in line to ride the roller coaster? If there is a remainder, explain what the remainder means and how you accounted for the remainder.
Questions/Prompts for Formative Student Assessment

· How did you think about this problem?
· How did you get (or 5) in your quotient? How did you get 7 in your quotient? How does the remainder affect your answer?
· What similarities do you see in the two methods?
· How did you multiply 50 (or 5) times 28? (Mental math, paper and pencil) How do you know you multiplied correctly?
Questions for Teacher Reflection
· Are students able to recognize the relationship between the two representations of division? Can they use the relationship to understand and follow the common algorithm successfully?
· What additional practice/support do students need to be successful with the common algorithm? 
DIFFERENTIATION
Extension

Ask students to write a story problem involving division with a two-digit divisor. Have them solve it in two ways one being the common algorithm. Then have students identify the similarities and differences between the two solution methods.
Intervention
Using grid paper is very helpful for students who have difficulty lining up digits in math computation problems. The quotient digits must line up with their corresponding dividend digits, or students will very likely make many careless division computation errors. Help students draw a grid if necessary to solve their division problems.
TECHNOLOGY CONNECTION 
· http://www.doubledivision.org/ This site provides a unique algorithm that uses doubles to find partial quotients. This is for teacher reference only. Students are not expected to solve problems with dividends as large as shown on this web page.
· http://elluminate.gavirtualschool.org/doe/recordings.html?s=1221710400000&e=1221796799999&sort_column=date&change_direction=false&page=0 Click on the first session titled “SIA Math Teacher TALKs – 4th grade.” If you fast forward about 30 minutes into the webinar, there is a discussion about division in 4th grade. 
Name ______________________________________ Date _____________________________


Riding the Roller Coaster
At an amusement park, the roller coaster seats 28 passengers per train. If 1,601 people are waiting in line, how many trains will it take for all of the people in line to ride the roller coaster? If there is a remainder, explain what the remainder means and how you accounted for the remainder.

Unit 2 Culminating Task
PERFORMANCE TASK: School Newspaper
STANDARDS ADDRESSED
M4N3. Students will solve problems involving multiplication of 2-3 digit numbers by 1 or 2 digit numbers.

M4N4. Students will further develop their understanding of division of whole numbers and divide in problem solving situations without calculators.

a. Know the division facts with understanding and fluency.

b. Solve problems involving division by 1 or 2-digit numbers (including those      that generate a remainder).
c. Understand the relationship between dividend, divisor, quotient, and remainder.
d. Understand and explain the effect on the quotient of multiplying or dividing both the divisor and dividend by the same number. (2050 ÷ 50 yields the same answer as 205 ÷ 5).

M4N7. Students will explain and use properties of the four arithmetic operations to solve and check problems.

a. Describe situations in which the four operations may be used and the relationships among them.

b. Compute using the order of operations, including parentheses.

c. Compute using the commutative, associative, and distributive properties.

d. Use mental math and estimation strategies to compute.

M4A1. Students will represent and interpret mathematical relationships in quantitative expressions.
a. Understand and apply patterns and rules to describe relationships and solve problems.

M4P1. Students will solve problems (using appropriate technology).

a. Build new mathematical knowledge through problem solving.

b. Solve problems that arise in mathematics and in other contexts.
c. Apply and adapt a variety of appropriate strategies to solve problems.
d. Monitor and reflect on the process of mathematical problem solving.

M4P2. Students will reason and evaluate mathematical arguments.

a. Recognize reasoning and proof as fundamental aspects of mathematics.

b. Make and investigate mathematical conjectures.

c. Develop and evaluate mathematical arguments and proofs.

d. Select and use various types of reasoning and methods of proof.

M4P3. Students will communicate mathematically.

a. Organize and consolidate their mathematical thinking through communication.

b. Communicate their mathematical thinking coherently and clearly to peers, teachers, and others.
c. Analyze and evaluate the mathematical thinking and strategies of others.
d. Use the language of mathematics to express mathematical ideas precisely.

M4P4. Students will make connections among mathematical ideas and to other disciplines.
a. Recognize and use connections among mathematical ideas. 

b. Understand how mathematical ideas interconnect and build on one another to produce a coherent whole.
c. Recognize and apply mathematics in contexts outside of mathematics.
M4P5. Students will represent mathematics in multiple ways.

a. Create and use representations to organize, record, and communicate mathematical ideas.
b. Select, apply, and translate among mathematical representations to solve problems.
c. Use representations to model and interpret physical, social, and mathematical phenomena.

ESSENTIAL QUESTIONS
· How do multiplication, division, and estimation help us solve real world problems?
· How can we organize our work when solving a multi-step word problem?
· How can a remainder affect the answer in a division problem?
MATERIALS 

 “School Newspaper” recording sheet
GROUPING
Partner or Individual Task
TASK DESCRIPTION, DEVELOPMENT AND DISCUSSION
Comments

Multiplication, division, and rounding are essential elements of this task. You may wish to use the actual number of students within your school to make this task more meaningful for your class. Also, you may need to adjust the other numbers within the task to ensure the essential elements of the task are addressed.
While this task is intended to serve as a summative assessment, it also may be used for teaching and learning. It is important that all elements of the task be addressed throughout the learning process so that students understand what is expected of them. This task is appropriate to use in a variety of ways, including:
· Peer Review

· Display
· Portfolio
Background Knowledge 

Sample student responses are described below:

· Find the cost of publishing the newspaper if you can make the copies at school for no additional cost other than purchasing the paper. Explain how you know. 
Because both sides of the paper will be used, only 13 sheets will be needed for each paper. 
740 x 13 = 9620. Therefore, 9,620 sheets of paper will be needed to print 740 newspapers that are 26 pages each when both sides of the paper are used. 
To determine how many packages (reams) of paper will need to be purchased, students will need to divide. 9620 ÷ 50 = 192 with 20 sheets left over This means that 193 packages of paper must be purchased in order to print all of the papers. If only 192 packages were purchased, there will not be enough paper for every student to receive a newspaper. The cost of purchasing the paper would be 193 x $1 = $193.
· What are the fewest number of advertisement pages that you will need in order to pay for the paper? How do you know? 
Many schools have yearbooks in which advertisements are sold. The students may be able to make a connection to this concept. 
The fewest number of advertisement pages would be found using fourth-page advertisements because more money per page would be raised. This would be $15 x 4 = $60 per page and 140 ÷ 60 = 2 r20 pages. Students should be able to know that this is less than half a page because 20 is less than half of 60, so we would need 2 ½ pages. If they are having difficulty understanding why 2 ¼ would not be correct, it may be helpful for them to divide 60 by 4 to see that because 20 is more than 15, we would need more than 2 ¼ pages. 
· What is the largest number of pages that you will need to pay for the paper without going more than $15 over what you spent on the paper? Explain your thinking. 
Either the full-page or half-page advertisements may be used to determine the largest number of pages. In either situation, the cost is $50 per page and 140 ÷ 50 = 2 r40 pages. Students should be able to tell that this is more than half a page because 40 is more than half of 50, so we would need 3 pages. 
· Show a combination of all three sizes that would pay for the paper without using more pages than the most number needed to pay for the paper.
Student answers may vary.
Task Directions
Students will follow the directions below from the “School Newspaper” recording sheet.
· Your class has agreed to publish a 26 page school-wide newspaper for each of the 740 students. Both sides of the paper will be printed to help save money. A package of 50 sheets of special newsprint paper costs $1.00. 
· Find the cost of publishing the newspaper if you can make the copies at school for no additional cost other than purchasing the paper. Explain how you know. 
· The students in your class do not have the money to pay for this much paper and your teacher does not have it in her budget. To solve this problem, it was agreed to ask local businesses to purchase advertisements to place in the newspaper. The prices that your class decided to charge are: 
o Full-page $50 

o Half-page $25 

o Fourth-page $15 

· What is the fewest number of advertisement pages that you will need in order to pay for the paper and not make more than $15 over your expenses? How do you know? 

· What is the largest number of pages that you will need to pay for the paper without going more than $15 over what you need to spend? Explain your thinking. 
· Show a combination of all three sizes that would pay for the paper without using more pages than the largest number of pages needed to pay for the paper.
Questions/Prompts for Formative Student Assessment

· Can you describe your strategy for solving this problem?

· Explain how you know your answer is correct

· Is there any mental math you are using? Explain.

· How are you organizing the information in the problem to help you solve it?

· How do the remainders in this problem affect the answers?
Questions for Teacher Reflection

· Are my students incorporating effective and efficient strategies to solve these problems?
· How well are my students explaining their math reasoning?
· Are my students able to successfully complete the mathematics in the problem?
· Are my students checking their work, working methodically, and eliminating careless errors?
· Did I give ample opportunity for my students to share their problem solving strategies? Did I use these experiences as opportunities to correct misconceptions or extend student understanding?
DIFFERENTIATION

Extension
· How many extra copies of the newspaper could you make using the paper that you purchased? How do you know?

· If the school decided to charge $20 for the use of the copy machine, how would this change your answers?

· Instead of selling advertisements, your class decided to sell the newspapers to students. If they will be sold at a cost of $0.25, you are not sure that every student will buy one. Even though you are printing enough newspapers for every student, will you make enough money to cover the cost of the paper if only 500 students purchase one? Explain your thinking.

· If each of the teachers in your school also wanted a copy of the newspaper, show how that would change your results.

· What would you need to charge for the advertisements if you wanted them to use no more than 2 pages? Tell why.

· If the school will not allow you to use the copy machine and you have to use a local printer, how would this affect the costs?

Intervention

· Have students work in small groups or with a partner.
· Adjust the number of copies needed for the newspapers.

Name _____________________________________ Date ______________________________

School Newspaper

· Your class has agreed to publish a 26 page school-wide newspaper for each of the 740 students. Both sides of the paper will be printed to help save money. A package of 50 sheets of special newsprint paper costs $1.00. 
· Find the cost of publishing the newspaper if you can make the copies at school for no additional cost other than purchasing the paper. Explain how you know. 
· The students in your class do not have the money to pay for this much paper and your teacher does not have it in her budget. To solve this problem, it was agreed to ask local businesses to purchase advertisements to place in the newspaper. The prices that your class decided to charge are: 

o Full-page $50 

o Half-page $25 

o Fourth-page $15 

· What is the fewest number of advertisement pages that you will need in order to pay for the paper and not make more than $15 over your expenses? How do you know? 

· What is the largest number of pages that you will need to pay for the paper without going more than $15 over what you need to spend? Explain your thinking. 
· Show a combination of all three sizes that would pay for the paper without using more pages than the largest number of pages needed to pay for the paper.
Sasha


Order of Operations Homework





6 + 2 x 4 = 31_																																														


24 – 8 + 6 ÷ 2 = 11_																																														


30 ÷ (10 + 5) x 3 = 24  																																													


3 x (18 – 3) + (6 + 4) ÷ 2 = 50																																


												





Students were introduced to the Distributive Property in Grade 3.  They should understand that 67 x 83 is the same as 80(60 + 7) + 3(60 + 7).  This is a great opportunity to expand the concept of this important property.
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Background knowledge above was adapted from:


 Baek, J. M. (2005). Research, reflection, practice: Children’s mathematical understanding and invented strategies for multidigit multiplication. Teaching Children Mathematics, 12 (5), 242 – 247.
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